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ABSTRACT
This paper addresses the problem of hybrid control for a class of switched uncertain systems. The switched
system under consideration is subject to structured uncertain dynamics in a linear fractional transforma-
tion (LFT) form and time-varying input delays. A novel hybrid controller is proposed,which consists of three
major components: the integral quadratic constraint (IQC) dynamics, the continuous dynamics, and the
jump dynamics. The IQC dynamics are developed by leveragingmethodologies from robust control theory
and are utilised to address the effects of time-varying input delays. The continuous dynamics are structured
by feeding back not only measurement outputs but also some system’s internal signals. The jump dynam-
ics enforce a jump (update/reset) at every switching time instant for the states of both IQC dynamics and
continuous dynamics. Based on this, robust stability of the overall hybrid closed-loop system is established
under the average dwell time framework withmultiple Lyapunov functions. Moreover, the associated con-
trol synthesis conditions are fully characterised as linearmatrix inequalities, which can be solved efficiently.
An application example on regulation of a nonlinear switched electronic circuit system has been used to
demonstrate effectiveness and usefulness of the proposed approach.
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1. Introduction

As a typical type of hybrid system, switched systems can be
described as interactions between continuous-time systems and
discrete switching events (Liberzon, 2003). It provides a use-
ful and unique paradigm for modelling and control of a large
variety of practical engineering systems, especially those sub-
ject to complex and stringent dynamics, such as automobile
transmission, hybrid powertrain, flight and air traffic systems,
power converters, and robotic manipulators, etc. In the con-
trols community, considerable efforts have been devoted over
the past decades to the research of switched systems, leading
to fruitful results in the literature (see Deaecto et al., 2011;
Z. Sun & Ge, 2005; Yuan & Wu, 2015; L. Zhang et al., 2015;
Zhao & Hill, 2008 and the references cited therein). In par-
ticular, the issues of stability and L2-gain performance anal-
ysis, as well as H∞ control design for switched systems were
jointly addressed in Zhao and Hill (2008). Deaecto et al. (2011)
proposed a novel scheme for the synthesis of dynamic output-
feedback control of switched linear systems under the state-
dependent min-switching framework (Geromel et al., 2008)
using piecewise Lyapunov functions. Yuan and Wu (2015)
developed a hybrid switching impulsive controller structure to
convexify switching output-feedback control synthesis under
the time-dependent average dwell time (ADT) framework (Hes-
panha & Morse, 1999) using multiple Lyapunov functions.
A new switching control logic that mixes the ideas of state-
dependent min-switching and time-dependent ADT switching
was proposed in Duan and Wu (2014), and a new concept
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of persistent dwell-time switching extended from the idea of
ADT switching was further proposed in L. Zhang et al. (2015).
L. Zhang and Gao (2010) considered asynchronous switching
issues in stability analysis and control synthesis for switched sys-
tems using Lyapunov-like functions. In order to bridge the gap
between theoretical research and practical engineering appli-
cations, recent research focus in the field has been shifting
to accounting various physical constraints for the design of
switched control systems, such as actuator saturations (Ma
et al., 2016; Wang & Zhao, 2016), uncertain system dynamics
(Li, Tong, et al., 2017), quantisation (Cheng et al., 2018; Sui
& Tong, 2016), and time delay (Deaecto et al., 2016; Li, Sun,
et al., 2017; Yang & Tong, 2015; Zong et al., 2015).

Particularly, the time delay is one of the most commonly
seen nonlinearities in practical control systems due to vari-
ous reasons, such as imperfect actuation and sensing capa-
bilities. Knowing that time delay might degrade the con-
trol performance or even destabilise the overall control sys-
tem, dedicated research efforts have been witnessed in recent
years, focused on developing new methodologies and tools,
to address the time-delay effects in switched control sys-
tem design. Several important works are worth to be men-
tioned. A delay-dependent method was proposed in X. M.
Sun et al. (2006) for stability and L2-gain analysis of switched
delay systems. Hetel et al. (2006) developed a switched dig-
ital control scheme for continuous-time switched systems,
which is robust against time-varying feedback delays. The
exponential stability problem was addressed in W. A. Zhang
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and Yu (2009) for discrete-time switched time-delay systems
based on the ADT framework. The model reference output
tracking control problem for switched nonlinear systems was
studied in Zhai et al. (2015) by combining the ADT tech-
nique and the free weighting matrix methods. New criteria
for exponential stability of switched time-varying systems with
delays were established in Li, Sun, et al. (2017). Furthermore,
input-to-state stability was concerned in X. Wu et al. (2019)
for time-varying switched systems with time delays. A novel
delay-dependent piecewise Lyapunov function was introduced
by M. Zhang et al. (2018) for filtering design of switched
fuzzy systems subject to mixed time-varying delay and packet
dropout effects. Deaecto et al. (2016) addressed the H2 and
H∞ control problems for time-varying delay switched linear
systems by using a new method of modelling time-varying
delays as norm-bounded perturbations combined with Lya-
punov–Metzler inequalities. Importantly, the results derived
therein are also applicable to sampled-data control. In spite of
rich literature, we have noted that virtually all of existing meth-
ods for analysis and synthesis of time-delay switched control
systems are based on constructing a proper form of Lyapunov
functionals. One important issue that might be caused is that
the resulting analysis and synthesis conditions are non-convex,
which could be very difficult to verify and solve. Specifically,
with such Lyapunov functional basedmethods, existing analysis
and synthesis conditions for time-delay switched control sys-
tems are largely formulated in terms of bilinear matrix inequal-
ities (BMIs), which are well-known NP-hard and need to be
solved by global optimisation techniques that are often of high
computational complexity. The problem becomes even more
challenging if multiple physical constraints are jointly consid-
ered, such as system uncertainty and output-feedback control.
It thus calls for the development of new methodologies and
tools to overcome such an important issue, whichmotivates our
current work.

In this paper, we seek to address the above issue from the
perspective of developing new switching controller structures.
Specifically, we consider a class of switched systems that are
subject to multiple physical constraints, including structured
uncertain system dynamics (which can be described in a lin-
ear fractional transformation (LFT) form) and time-varying
input delays. A novel hybrid controller is proposed, which con-
sists of three major components: the integral quadratic con-
straint (IQC) dynamics, the continuous dynamics, and the jump
dynamics. The IQC dynamics are developed by leveraging tools
from classical robust control theory (e.g. Seiler, 2015; Yuan
&Wu, 2017b), which aim to address the effects of time-varying
input delays. The continuous dynamics are structured by feed-
ing back not only measurement outputs but also some system’s
internal signals, which are responsible for copingwith the struc-
tured LFT system uncertainties. The jump dynamics enforce
a jump (update/reset) at every switching time instant for the
states of both IQC dynamics and continuous dynamics, which
are used to accommodate the discrete switching behaviours
induced by the controlled plant. Based on this new hybrid
controller structure, robust stability of the overall hybrid closed-
loop system is established under the ADT switching framework
with multiple Lyapunov functions. The associated hybrid con-
trol synthesis conditions are fully characterised as linear matrix

inequalities (LMIs), which can be solved efficiently via semi-
definite programming (Boyd et al., 2004). An application exam-
ple on regulation of a nonlinear switched electronic circuit sys-
tem has been used to demonstrate effectiveness and usefulness
of the proposed approach.

The contributions of this paper can be summarised in two
aspects: (i) a newmethodology of applying dynamic IQCs from
classical robust control theory is proposed to deal with the time-
varying input delay in switched control system design; and (ii) a
novel hybrid controller structure is developed to enable convex
formulation of the associated switching control synthesis prob-
lem in terms of LMIs, such that the stabilising hybrid controller
can be synthesised efficiently. It should be noted that the current
work is significantly distinguished from two previous works of
Yuan and Wu (2015) and (Kao & Rantzer, 2007) in twofold: (i)
the work of Yuan and Wu (2015) did not consider the effects
of system uncertainties and time-varying input delays; and (ii)
the work of Kao and Rantzer (2007) only addressed the stabil-
ity analysis issue of time-delay systems but did not address the
control synthesis issue. In addition, the results established in
this paper cannot be obtained by simply combining the meth-
ods from Yuan and Wu (2015) and Kao and Rantzer (2007).
One technical difficulty lies in how to derive the associated con-
trol synthesis conditions in a convex form, which is successfully
addressed in this paper by introducing a novel hybrid controller
structure under the dynamic IQC framework.

The rest of the paper is organised as follows. Section 2
will first recall some preliminary results on switched systems
and dynamic IQCs, followed by the problem statement. The
main results, including the new hybrid controller structure and
derivation of the associated convex synthesis conditions, are
presented in Section 3. Section 4 utilises an application example
to illustrate the design procedure and demonstrate effective-
ness of the proposed approach. Finally, conclusions are drawn
in Section 5.

2. Preliminary and problem statement

2.1 Preliminaries

Notation: Throughout the paper, R and C are used to represent
the set of real and complex numbers, respectively.R+ stands for
the set of positive real numbers. Rm×n (Cm×n) is the set of real
(complex)m × nmatrices, andR

n (Cn) represents the set of real
(complex) n × 1 vectors. In denotes the n × n identity matrix,
and sometimes without causing any confusions I will be slightly
abused to denote an identity matrix with appropriate dimen-
sion. S

n and S
n+ are used to denote the sets of real symmetric

n × n matrices and positive definite matrices, respectively. A
block diagonal matrix with matrices X1,X2, . . . ,Xp on its main
diagonal is denoted by diag{X1,X2, . . . ,Xp}. For a series of
column vectors x1, . . . , xn, col{x1, . . . , xn} stands for a column
vector by stacking them together. The symbol � in LMIs is used
to denote entries that follow from symmetry. For two integers
k1 < k2, we denote I[k1, k2] = {k1, k1 + 1, . . . , k2}. For s ∈ C, s̄
denotes the complex conjugate of s. For a matrix M ∈ C

m×n,
M T denotes its transpose and M∗ denotes the complex con-
jugate transpose. The Hermitian operator He{·} is defined as
He{M} = M + M T for real matrices. RL∞ denotes the set of
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rational functions with real coefficients that are proper and have
no poles on the imaginary axis. RH∞ is the subset of functions
in RL∞ that are analytic in the closed right half of the complex
plane. RL

m×n∞ and RH
m×n∞ denote the sets of m × n matri-

ces whose elements are in RL∞ and RH∞, respectively. The
para-Hermitian conjugate of G ∈ RL

m×n∞ , denoted as G∼, is
defined byG∼(s) := G(−s̄)∗. For x ∈ C

n, its norm is defined as
‖x‖ := (x∗x)1/2. Ln2+ is the space of functions u : [0,∞) → R

n

satisfying ‖u‖2 := (
∫∞
0 u T(t)u(t) dt)1/2 < ∞. Given u ∈ Ln2+,

uT denotes the truncated function uT(t) = u(t) for t ≤ T and
uT(t) = 0 otherwise. The extended space, denoted as L2e+, is
the set of functions u such that uT ∈ L2+ for all T ≥ 0.

Consider a switched linear system described by

ẋ = Aσ x, (1)

where x is the state and σ is the switching signal. The system is
said to have an average dwell time (ADT) switching logic, if the
switching signal σ satisfies the following definition (Hespanha
& Morse, 1999).

Definition 2.1: A switching signal σ is said to possess the prop-
erty of ADT, if there exist two positive numbers N0 and τa such
that

Nσ (t,T) ≤ N0 + T − t
τa

, 0 ≤ t ≤ T, (2)

where Nσ (t,T) denotes the number of switchings of σ over the
time interval (t,T), τa and N0 are called the average dwell time
and the chattering bound, respectively.

Some basic definitions and useful lemmas related to dynamic
IQCs are recalled as follows.

Definition 2.2 (Seiler, 2015): Let � ∈ RL
(m1+m2)×(m1+m2)∞ be

a proper, rational function, called a ‘multiplier’, such that � =
�∼W� with W ∈ R

nz×nz and � ∈ RH
nz×(m1+m2)∞ . Then two

signals q ∈ Lm1
2e+ and p ∈ Lm2

2e+ satisfy the IQC defined by the
multiplier �, and (� ,W) is a hard IQC factorisation of � if
the following inequality holds for all T ≥ 0,

∫ T

0
z T(t)Wz(t) dt ≥ 0, (3)

where z ∈ R
nz denotes the filtered output of� driven by inputs

(q, p) with zero initial conditions, i.e. z = �
[ q
p
]
. Moreover, a

bounded, causal operator S : Lm1
2e+ → Lm2

2e+ satisfies the IQC
defined by � if condition (3) holds for all q ∈ Lm1

2e+, p = S(q)
and all T ≥ 0.

Note that the factorisation of IQC multiplier � = �∼W�

is not unique but can be computed with state-space meth-
ods (Seiler, 2015). Furthermore, it has been demonstrated that
a broad class of IQC multipliers possess a hard factorisation
(Megretski & Rantzer, 1997). More discussions about the hard
IQCs as defined above can be found in Seiler (2015).

Definition 2.3 (Seiler, 2015): (� ,W) is called a Jm1,m2 -
spectral factorisation of � = �∼ ∈ RL

(m1+m2)×(m1+m2)∞ if

� = �∼W� , W =
[
Im1 0
0 −Im2

]
, and � ,�−1 ∈

RH
(m1+m2)×(m1+m2)∞ .

Note that with a Jm1,m2 -spectral factorisation (� ,W), � is
always square, stable and minimum phase (Seiler, 2015).

2.2 Problem statement

In this paper, we consider the following switched system subject
to structured LFT uncertainty and time-varying input delay:

Pσ :

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ = Aσ x + Bσ0 p + Bσ2D(u),
q = Cσ0 x + Dσ00p + Dσ02D(u),
y = Cσ2 x + Dσ20p,

p = �σ q,

(4)

where x ∈ R
nx is the plant state, u ∈ R

nu is the control input,
y ∈ R

ny is the measurement output, and p, q ∈ R
nq are two

system’s internal signals connecting the structured uncertainty
block�σ . The superscript σ denotes a piecewise constant func-
tion of time, representing the switching signal, which takes its
values in the finite set I[1,Np] withNp > 1 denoting the number
of subsystems. In this paper, the switching signal σ is assumed
to be continuous from the right everywhere and obeys an ADT
switching logic as defined in Definition 2.1. The symbol D(u)
denotes a time-varying delay operator defined as D(u(t)) :=
u(t − τ(t)), where τ(t) specifies the time delay amount at the
time instant t. We assume that such a time delay amount τ(t)
and its variation are both bounded, i.e. τ ∈ [0, τ̄ ] and τ̇ ≤ r for
some positive numbers τ̄ and r. All the associated systemmatri-
ces are assumed to be known constant matrices of compatible
dimensions, in particular (Ai,Bi2) is stabilisable and (A

i,Ci
2) is

detectable for all i ∈ I[1,Np]. In addition, the structured uncer-
tainty �i is assumed to be time-varying, norm-bounded, and
satisfying the following structure for all i ∈ I[1,Np], i.e.

�i ∈ � = { diag{δ1Ih1 , . . . , δsIhs ,�s+1, . . . ,�s+f } :
δj ∈ R, |δj| ≤ 1, ∀j ∈ I[1, s];

�s+k ∈ R
rk×rk , ‖�s+k‖ ≤ 1, ∀k ∈ I[1, f ]}, (5)

where
∑s

j=1 hj +
∑f

k=1 rk = nq, s and f are two positive inte-
gers representing the number of scalar sub-blocks δj andmatrix
sub-blocks �s+k, respectively. To facilitate the subsequent
development, associated with the structured uncertainty (5), we
will introduce the following scaling matrix set:

	 = { diag{	1, . . . ,	s, λs+1Ir1 , . . . , λs+f Irf } :

	j ∈ S
hj
+, ∀j ∈ I[1, s];

λs+k ∈ R+, ∀k ∈ I[1, f ]}. (6)

It is observed that for any 	i ∈ 	, it is commutable with the
associated�i ∈ �, i.e.	i�i = �i	i.

Remark 2.1: For those readers that are not familiar with the
concept of LFT, we emphasise that the LFT representation
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adopted above has been widely used in the robust control the-
ory to model various practical engineering systems subject to
structured modelling uncertainties, such as magnetic bearing
systems (Lauridsen et al., 2015) and electrical circuits (Yuan,
2017a), etc.

In this paper, our objectives are to (i) design a hybrid control
law that will stabilise the switched LFT plant (4); and (ii) formu-
late the associated control synthesis conditions in terms of LMIs,
such that the associated control solution can be synthesised
efficiently via LMI-based techniques.

3. Main results

3.1 System transformation and hybrid controller structure

Before proposing the controller structure to fulfil the above first
objective, it is necessary to reformulate the switched LFT plant
dynamics (4) into a new form with two LFT loops. Specifically,
by defining a new signalw(t) = S(u(t)) := D(u(t))− u(t) and
incorporating it to system (4), it yields⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = Aσ x + Bσ0 p + Bσ2w + Bσ2 u,

q = Cσ0 x + Dσ00p + Dσ02w + Dσ02u,

y = Cσ2 x + Dσ20p,

p = �σ q,

w = S(u).

(7)

This transformed system thus has two LFT loops: the first LFT
loop through the structured uncertainty�σ , which is inherited
from (4); and the second loop through the new delay difference
operator S(u), which is obtained after performing the above
input-delay transformation. It will be clarified in the sequel that
such a new LFT reformulation will allow us to tackle the time-
varying input delay effects under the dynamic IQC framework
as introduced in Section 2.1. To see this, we first introduce the
following assumption regarding the delay difference operator
S(·).

Assumption 3.1: S(·) satisfies an IQC defined by � ∈
RL

2nu×2nu∞ , where the multiplier � can be partitioned as[
�11 �12
�∼

12 �22

]
with�11 of dimension nu × nu.� satisfies�11(jω) >

0 and �22(jω) < 0 for all ω ∈ R ∪ {∞}. Furthermore, �
has a Jnu,nu-spectral factorisation (� ,W) in the form of � =[
�11 �12
0 I

] ∈ RH
(nu+nu)×(nu+nu)∞ and W =

[
Inu 0
0 −Inu

]
.

We stress that the above assumption does not cause any loss
of generality. The IQC defined therein is used to bound the
input-output behaviour of the delay difference operator S(·).
According to Seiler (2015), the strict definiteness assumptions
on �11 and �22 are typically adopted in the literature. They
guarantee existence of a Jnu,nu-spectral factorisation (� ,W)

for the multiplier �, such that � is square, stable and min-
imum phase. As such, the last part of this assumption is not
restrictive and is made in order to simplify the derivations.
In fact, this assumption can be relaxed with more extensive
and complicated formulas, we refer interested readers to Yuan

and Wu (2017b) for more detailed discussions. Consequently,
according to Section 2.1, the above assumption renders an IQC-
induced stable LTI system � for the delay difference operator
S(u), which can be described in the following state-space form:

IQC dynamics:

{
ẋψ = Aψxψ + Bψ1u + Bψ2w,

z = Cψxψ + Dψ1u + Dψ2w,
(8)

where xψ ∈ R
nψ is the state of � , z ∈ R

2nu denotes the system
outputs, and the associated output matrices satisfy

Cψ =
[
C̄ψ
0

]
, Dψ1 =

[
D̄ψ1
0

]
, Dψ2 =

[
D̄ψ2
Inu

]
. (9)

Then, based on the transformed switched LFT system (7) and
the IQC dynamics (8), we propose to construct the following
robust hybrid switching impulsive controller:

Continuous dynamics:{
ẋc = Aσc1xc + Aσc2xψ + Bσc1y + Bσc2p + Bσc3w,

u = Cσc1xc + Cσc2xψ + Dσc1y + Dσc2p + Dσc3w,
(10)

Jump dynamics:⎧⎨
⎩
x+
ψ = Jijc11xψ + Jijc12xc,

x+
c = Jijc21xψ + Jijc22xc,

when switching occurs,

(11)

where xc ∈ R
nc is the controller state with order nc to be deter-

mined, σ is the switching signal from the controlled plant (4).
All the associated controller gain matrices are constant matri-
ces to be synthesised, such that the overall closed-loop hybrid
system will be stable in the presence of structured uncertainty
and time-varying input delays. The two subscripts of the jump

dynamics matrices
[
Jijc11 Jijc12
Jijc21 Jijc22

]
, i.e. i, j ∈ I[1,Np] with i �= j, are

used to denote the indices of the pre-switching subsystem i and
the post-switching subsystem j. In other words, at the switch-
ing instant when switching occurs, we have σ = i and σ+ = j.
Note that for simplicity of presentation, we have slightly abused
throughout this paper the notation (·)+ to denote the value of
(·) at time t+s for some switching instant ts when the switching
behaviour occurs.

It is observed that the overall structure of the proposed con-
troller consists of the IQC dynamics (8), the continuous dynam-
ics (10) and the jump dynamics (11). To better understand this
new controller structure, we have used Figure 1 to illustrate
the interconnecting relationship among these three dynamics
components. It can be seen that the continuous dynamics (10)
feeds back four signals, including the delay difference signal
w = D(u)− u, the controlled plant’s internal signal p, and the
IQC dynamics state xψ , in addition to the measurement out-
put y. The IQC dynamics needs to utilise real-time information
of the control input u and the delay difference signal w, while
the jump dynamics resets/updates the states of both continuous
dynamics and the IQCdynamics at every switching time instant.

Regarding the controller implementation, three important
points are needed to be clarified. First, the exact-memory
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Figure 1. The proposed hybrid control architecture. Blue box includes the con-
trolled plant’s switched dynamics; red box includes the proposed IQC-based hybrid
controller dynamics.

scheme or the anti-delay scheme from Yuan and Wu (2017a,
2017b), respectively, can be adopted to generate the delay dif-
ference signal w. As a result, the IQC dynamics state xψ can
be readily computed online given the information of u and w.
Second, the idea of feeding back the internal signal p for con-
troller implementation is inspired from F. Wu and Lu (2004),
whose feasibility has been demonstrated in many practical con-
trol systems (e.g. Dai et al., 2009; Yuan, 2017b). This point
will be further demonstrated in Section 4 of this paper using
a real engineering application example. Third, the continuous
dynamics contains an algebraic loop due to the delay difference
term Dσc3w. To guarantee implementability, this algebraic loop
is required to be well-posed, i.e. the matrix I + Di

c3 needs to be
non-singular for all i ∈ I[1,Np]. Once I + Di

c3 is non-singular,
one can implement the second equation of (10) by

If τ(t) = 0, u = Cσc1xc + Cσc2xψ + Dσc1y + Dσc2p;

Otherwise, u = (I + Dσc3)
−1[Cσc1xc + Cσc2xψ + Dσc1y

+ Dσc2p + Dσc3D(u)].

This non-singularity issue of I + Di
c3 will be addressed in the

subsequent development by using the LMI-based control syn-
thesis technique.

The overall closed-loop system resulted from interconnect-
ing the hybrid controller (10)–(11) to the controlled plant (4)
and augmenting the IQC dynamics (8) can be obtained as fol-
lows by defining xcl := col{x, xψ , xc}, pcl := col{p,w}, qcl :=

col{q, z}:

Continuous dynamics:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋcl = Aσ xcl + Bσ0 pcl,
qcl = Cσ0 xcl + Dσ

00pcl,

pcl =
[
�σ q
S(u)

]
,

(12)

Jump dynamics: x+
cl = J ijxcl, when switching occurs,

(13)

where the closed-loop system matrices are given by

Aσ =

⎡
⎢⎢⎢⎢⎣

[
Aσ 0

0 Aψ

]
+
[
Bσ2
Bψ1

]
[Dσc1 Cσc2]

[
Cσ2 0

0 I

] [
Bσ2
Bψ1

]
Cσc1

[Bσc1 Aσc2]
[
Cσ2 0
0 I

]
Aσc1

⎤
⎥⎥⎥⎥⎦,

Bσ0 =

⎡
⎢⎢⎣
[
Bσ0
0

]
+
[
Bσ2
Bψ1

]
(Dσc2+Dσc1D

σ
20)

[
Bσ2
Bψ2

]
+
[
Bσ2
Bψ1

]
Dσc3

Bσc2+Bσc1D
σ
20 Bσc3

⎤
⎥⎥⎦,

Cσ0 =
[C̄σ0
0

]

=

⎡
⎢⎢⎢⎢⎣
[Cσ0 0] + Dσ02[D

σ
c1 Cσc2]

[
Cσ2 0
0 I

]
Dσ02C

σ
c1

[0 C̄ψ ] + D̄ψ1[Dσc1 Cσc2]
[
Cσ2 0
0 I

]
D̄ψ1Cσc1

0 0

⎤
⎥⎥⎥⎥⎦ ,

Dσ
00 =

[ D̄σ
00

[0 I]

]

=

⎡
⎢⎣
Dσ00 + Dσ02(D

σ
c2 + Dσc1D

σ
20) Dσ02 + Dσ02D

σ
c3

D̄ψ1(Dσc2 + Dσc1D
σ
20) D̄ψ2 + D̄ψ1Dσc3

0 I

⎤
⎥⎦ ,

J ij =

⎡
⎢⎣
I 0 0
0 Jijc11 J

ij
c12

0 Jijc21 J
ij
c22

⎤
⎥⎦ . (14)

3.2 Exponential stability analysis and hybrid control
synthesis conditions

Based on the new hybrid controller structure proposed in the
last section, this section will present the associated control syn-
thesis conditions in terms of LMIs. To this end, the following
lemma will be first established to provide analysis conditions
that guarantee exponential stability for the hybrid closed-loop
system (12)–(13).

Lemma 3.2: Consider the hybrid system (12)–(13)with unstruc-
tured uncertainty and time-varying input delays. With Assump-
tion 3.1 and given two positive constants λ0 ∈ R+ and μ > 1,
if there exist positive definite matrices Pi ∈ S

nx+nψ+nc
+ , 	i ∈ 	,

and a positive scalar λ ∈ R+, such that the following conditions
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hold for all i, j ∈ I[1,Np] and i �= j:

⎡
⎢⎢⎢⎢⎣
He{PiAi} + λ0Pi � �

Bi
0
TPi −

[
	i 0
0 λI

]
�

C̄i0 D̄i
00 −

[
	i 0
0 λI

]−1

⎤
⎥⎥⎥⎥⎦ < 0,

(15)[
μPi �

PjJ ij Pj

]
≥ 0.

(16)

Then, the hybrid system (12)–(13) is exponentially stable for every
switching signal σ with average dwell time τa > ln(μ)

λ0
.

Proof: Consider the hybrid system (12)–(13), we define the
following piecewise Lyapunov function candidate: V(t) =
Vσ (xcl) = x T

cl P
σ xcl, where Pσ is switched among the solution

Pi’s of (15)–(16) in accordance with the piecewise constant
switching signal σ . Then, the derivative of each Vi = x T

cl P
ixcl

along the solutions of its corresponding subsystem’s continuous
dynamics satisfies

V̇i = ẋ T
cl P

ixcl + x T
cl P

iẋcl

= (Aixcl + Bi
0pcl)

TPixcl + x T
cl P

i(Aixcl + Bi
0pcl)

= x T
cl (P

iAi + Ai TPi)xcl + 2x T
cl P

iBi
0pcl. (17)

By Schur complement, condition (15) is equivalent to

⎡
⎣He{PiAi} + λ0Pi �

Bi
0
TPi −

[
	i 0
0 λI

]⎤⎦

+
[ C̄iT0
D̄iT

00

] [
	i 0
0 λI

]
[C̄i0 D̄i

00] < 0.

Multiplying [x T
cl p T

cl ] from the left-hand side and its transpose
from the right of the above matrix inequality yields

x T
cl (P

iAi + AiTPi + λ0Pi)xcl + 2x T
cl P

iBi
0pcl

+ q T	iq − p T	ip + λz TWz < 0,

where we have utilised the facts of (14) with (9), and thatW =[ I 0
0 −I

]
from Assumption 3.1. This together with (17) implies

that

V̇i + λ0Vi + q T	iq − p T	ip + λz TWz < 0 ∀i ∈ I[1,Np].
(18)

On the other hand, performing Schur complement on condi-
tion (16) gives μPi − J ij TPjJ ij ≥ 0, which implies that

Vj(x+
cl ) ≤ μVi(xcl), ∀xcl ∈ R

nx+nψ+nc and i, j ∈ I[1,Np].
(19)

Now, we just need to prove that the conclusion of Lemma 3.2
holds if conditions (18) and (19) are both satisfied. To

this end, we first note by substituting p = �σ q into (18)
that q T	iq − p T	ip = q T	iq − q T�i T	i�iq = q	i1/2(I −
�i T�i)	i1/2q ≥ 0 since �i is norm bounded by 1 and 	i is
commutable with�i. This reduces the result of (18) to

V̇i + λ0Vi + λz TWz < 0 ∀i ∈ I[1,Np]. (20)

For any given t> 0, we let t1 < · · · < ti (i > 1) denote the
switching instants of σ over the time interval (0, t). Then, the
above inequality implies for all i ∈ I[1,Np] and t ∈ [ti, ti+1),

Vi(t) < Vi(t+i )−
∫ t

ti
λ0Vi−

∫ t

ti
λz TWz ≤ Vi(t+i )−

∫ t

ti
λ0Vi,

where the second inequality is obtained by using the fact
from (3) that

∫ t
0 z

T(τ )Wz(τ ) dτ ≥ 0 for all t ≥ 0 under
Assumption 3.1, together with λ > 0. Further, using the dif-
ferential inequality theory, we obtain from (20) and (19) by
induction that

V(t) < V(t+i )e
−λ0(t−ti) ≤ μV(ti)e−λ0(t−ti)

< μV(t+i−1)e
−λ0(ti−ti−1) e−λ0(t−ti) ≤ · · · ≤ μie−λ0tV(0)

= μNσ (0,t) e−λ0tV(0) = e−λ0t+Nσ (0,t) ln(μ)V(0), (21)

where Nσ (τ , t) is the number of switches of σ over the
time interval (τ , t). Consequently, with the ADT constraint
τa >

ln(μ)
λ0

and (2), the above inequality guarantees V(t) <

e−λ0t+ ln(μ)
τa tV(0) = e(

ln(μ)
τa −λ0)tV(0) with ln(μ)

τa
− λ0 < 0,

implying exponential stability of the overall system, which ends
the proof. �

Remark 3.1: We stress that as opposed to many existing litera-
tures (e.g.Deaecto et al., 2016; X.Wu et al., 2019;M. Zhang et al.,
2018) on stability analysis of hybrid impulsive switched systems
subject to uncertainties and time delays, Lemma 3.2 provides
novel analysis conditions under the dynamic IQC framework
combined with multiple Lyapunov functions and the average
dwell time technique.

Based on Lemma 3.2, the following theorem presents the
synthesis conditions for controller (10)–(11) in terms of LMIs.

Theorem 3.3: Consider the switched input-delayed LFT uncer-
tain plant (4). With Assumption 3.1 and given two positive con-
stants λ0 ∈ R+ and μ > 1, if there exist positive definite matri-
ces Ri ∈ S

nx+nψ
+ , Si1 ∈ S

nx+ , 	̂i ∈ 	, rectangular matrices Si2 ∈
R
nx×nψ , Âi

c1 ∈ R
nx×nψ , Âi

c2 ∈ R
nx×nx , B̂ic1 ∈ R

nx×ny , B̂ic2 ∈
R
nx×nq , B̂ic3 ∈ R

nx×nu , Ĉi
c1 ∈ R

nu×nψ , Ĉi
c2 ∈ R

nu×nx , D̂i
c1 ∈

R
nu×ny , D̂i

c2 ∈ R
nu×nq , D̂i

c3 ∈ R
nu×nu , Ĵijc11 ∈ R

nψ×nψ , Ĵijc12 ∈
R
nψ×nx , Ĵijc21 ∈ R

nx×nψ , Ĵijc22 ∈ R
nx×nx , and a positive scalar λ̂ ∈

R+, such that the following conditions hold for all i, j ∈ I[1,Np]
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with i �= j:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

He

{[
Ai 0

0 Aψ

]
Ri

+
[
Bi2
Bψ1

]
[Ĉi

c2 Ĉi
c1]

}
+ λ0Ri �

[Âi
c2 Âi

c1] + [Ai T + λ0I 0]

+Ci
2
TD̂iT

c1

[
Bi2
Bψ1

] T

He{Si1Ai

+B̂ic1C
i
2} + λ0Si1

	̂i[Bi0
T 0] + D̂iT

c2[B
i
2
T B T

ψ1] B̂iTc2

λ̂[Bi2
T B T

ψ2] + D̂iT
c3[B

i
2
T B T

ψ1] B̂iTc3

[Ci
0 0]Ri + Di

02[Ĉ
i
c2 Ĉi

c1] Ci
0 + Di

02D̂
i
c1C

i
2

[0 C̄ψ ]Ri + D̄ψ1[Ĉi
c2 Ĉi

c1] D̄ψ1D̂i
c1C

i
2

� � � �

� � � �

−	̂i � � �

0 −λ̂I � �

Di
00	̂

i + Di
02D̂

i
c2 λ̂Di

02 + Di
02D̂

i
c3 −	̂i �

D̄ψ1D̂i
c2 λ̂D̄ψ2 + D̄ψ1D̂i

c3 0 −λ̂I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0,

(22)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

μRi � � �

μ[I 0] μSi1 � �[
I 0

0 0

]
Ri +

[
0 0

Ĵijc12 Ĵijc11

] [
I

0

]
Rj �

[Ĵijc22 Ĵijc21] Sj1 [I 0] Sj1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

≥ 0,

[
Ri �

[I 0] Si1

]
> 0, (23)

[
λ̂I �

D̂i
c3 λ̂I

]
> 0. (24)

Then, the hybrid controller (10)–(11)with IQC dynamics (8) ren-
ders the overall closed-loop system exponentially stable for every
switching signal σ with average dwell time τa > ln(μ)

λ0
. Moreover,

the controller (10)–(11) of order nc = nx is well-posed, and its
coefficient matrices can be reconstructed through the following
algorithm:

• For all i ∈ I[1,Np], partitionmatrices Ri =
[

Ri1 Ri2
Ri2

T Ri3

]
, Ri−1 =[

R̀i1 R̀i2
R̀iT2 R̀i3

]
with Ri1, R̀

i
1 ∈ S

nx+ , Ri2, R̀
i
2 ∈ R

nx×nψ , Ri3, R̀
i
3 ∈ S

nψ
+

and let Si3 = R̀i3 + (R̀i2 − Si2)
T(Si1 − R̀i1)

−1(R̀i2 − Si2). Then

we have Si :=
[

Si1 Si2
Si2

T Si3

]
> 0. Note that the matrix Si1 − R̀i1 is

guaranteed to be invertible, according to Yuan andWu (2015).
• For all i ∈ I[1,Np], solve Ni ∈ R

(nx+nψ)×nx through the fac-
torisation Si − Ri−1 = NiQiNi T, where Qi ∈ S

nx+ , and define
Mi := −RiNiQi so that SiRi + NiMi T = I. Furthermore, we
partition Mi,Ni as Mi = [Mi

1
T Mi

2
T] T, Ni = [Ni

1
T Ni

2
T] T

so thatMi
1,N

i
1 ∈ R

nx×nx are invertible andMi
2,N

i
2 ∈ R

nψ×nx .
• For all i, j ∈ I[1,Np] with i �= j, compute the controller gain

matrices via

Di
c1 = D̂i

c1, Di
c2 = D̂i

c2(	̂
i)−1 − Di

c1D
i
20,

Di
c3 = λ̂−1D̂i

c3,

Bic1 = Ni
1
−1
(
B̂ic1 − [Si1 Si2]

[
Bi2
Bψ1

]
Di
c1

)
,

Bic2 = Ni
1
−1
(
B̂ic2 − [Si1 Si2]

[
Bi2
Bψ1

]
Di
c2

− [Si1 Si2]
[
Bi0
0

]
	̂i
)
(	̂i)−1 − Bic1D

i
20,

Bic3 = (λ̂Ni
1)

−1
(
B̂ic3 − [Si1 Si2]

−
(
λ̂

[
Bi2
Bψ2

]
−
[
Bi2
Bψ1

]
D̂i
c3

))
,

[Ci
c2 Ci

c1] = ([Ĉi
c2 Ĉi

c1] − Di
c1[C

i
2 0]Ri)i−1,

[Ai
c2 Ai

c1] = Ni
1
−1
{
[Âi

c2 Âi
c1] − [Si1 Si2]([

Ai 0
0 Aψ

]
Ri +

[
Bi2
Bψ1

]
[Ĉi

c2 Ĉi
c1]
)

−Ni
1B

i
c1[C

i
2 0]Ri

}
i−1,

[Jijc11 Jijc12] = [Ĵijc12 Ĵijc11]
i−1,

[Jijc21 Jijc22] = Nj
1
−1{[Ĵijc22 Ĵijc21]

− [Sj1 0]Ri − Sj2[Ĵ
ij
c12 Ĵijc11]}i−1

, (25)

wherei :=
[

Ri2
T Ri3

Mi
1
T Mi

2
T

]
.

Proof: From Lemma 3.2, we have proved that exponential sta-
bility of the hybrid closed-loop system (12)–(13) can be guaran-
teed under conditions (15)–(16). As such, in order to transform
these two analysis conditions into convex control synthesis con-
ditions, we specify the associated Lyapunov function matrices
as

Pi =
[

Si Ni

Ni T Xi

]
=

⎡
⎢⎣

Si1 Si2 Ni
1

Si2
T Si3 Ni

2
Ni
1
T Ni

2
T Xi

⎤
⎥⎦

and let

Zi
1 =

⎡
⎣ Ri I

0
Mi T 0

⎤
⎦ =

⎡
⎢⎣

Ri1 Ri2 I
Ri2

T Ri3 0
Mi

1
T Mi

2
T 0

⎤
⎥⎦ ,
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Zi
2 =

⎡
⎢⎣
I 0 Si1
0 I Si2

T

0 0 Ni
1
T

⎤
⎥⎦ ,

such that PiZi
1 = Zi

2 and NiMi T = I − SiRi, which gives
XiMi T = −Ni TRi. Then, we perform the congruent trans-
formations on conditions (15) and (16) with matrices diag{
Zi
1,
[
	̂i 0
0 λ̂

]
, I, I, I

}
and diag{Zi

1,Z
j
1}, respectively, where 	̂i :=

	i−1 and λ̂ := λ−1. This yields the following results:

Zi
1
TPiZi

1 = Zi
2
TZi

1 =

⎡
⎢⎢⎣ Ri

[
I

0

]

[I 0] Si1

⎤
⎥⎥⎦ ,

Zi
1
TPiAiZi

1 = Zi
2
T

AiZi
1 =

⎡
⎢⎢⎣
[
Ai 0

0 Aψ

]
Ri +

[
Bi2
Bψ1

]
[Ĉi

c2 Ĉi
c1]

[
Ai

0

]
+
[
Bi2
Bψ1

]
D̂i
c1C

i
2

[Âi
c2 Âi

c1] Si1A
i + B̂ic1C

i
2

⎤
⎥⎥⎦ ,

[
	̂i 0

0 λ̂I

]
Bi
0
TPiZi

1 =
[
	̂i 0

0 λ̂I

]
Bi
0
T

Zi
2 =

[
	̂i[Bi0

T 0] + D̂iT
c2[B

i
2
T B T

ψ1] λ̂[Bi2
T B T

ψ2] + D̂iT
c3[B

i
2
T B T

ψ1] B̂iTc3
]
,

C̄i0Zi
1 =

[
[Ci

0 0]Ri + Di
02[Ĉ

i
c2 Ĉi

c1] Ci
0 + Di

02D̂
i
c1C

i
2

[0 C̄ψ ]Ri + D̄ψ1[Ĉi
c2 Ĉi

c1] D̄ψ1D̂i
c1C

i
2

]
,

D̄i
00

[
	̂i 0

0 λ̂I

]
=
[
Di
00	̂

i + Di
02D̂

i
c2 λ̂Di

02 + Di
02D̂

i
c3

D̄ψ1D̂i
c2 λ̂D̄ψ2 + D̄ψ1D̂i

c3

]
,

Zj
1
T
PjJ ijZi

1 = Zj
2
T

J ijZi
1 =

⎡
⎢⎢⎣
[
I 0

0 0

]
Ri +

[
0 0

Ĵijc12 Ĵijc11

] [
I

0

]

[Ĵijc22 Ĵijc21] Sj1

⎤
⎥⎥⎦ ,

where

D̂i
c1 = Di

c1, D̂i
c2 = (Di

c2 + Di
c1D

i
20)	̂

i, D̂i
c3 = λ̂Di

c3,

B̂ic1 = [Si1 Si2]
[
Bi2
Bψ1

]
Di
c1 + Ni

1B
i
c1,

B̂ic2 = [Si1 Si2]
([

Bi0
0

]
	̂i +

[
Bi2
Bψ1

]
D̂i
c2

)

+ Ni
1(B

i
c2 + Bic1D

i
20)	̂

i,

B̂ic3 = [Si1 Si2]
(
λ̂

[
Bi2
Bψ2

]
+
[
Bi2
Bψ1

]
D̂i
c3

)
+ λ̂Ni

1B
i
c3,

[Ĉi
c2 Ĉi

c1] = Di
c1[C

i
2 0]Ri + [Ci

c2 Ci
c1]

i,

[Âi
c2 Âi

c1] = [Si1 Si2]
([

Ai 0
0 Aψ

]
Ri +

[
Bi2
Bψ1

]
[Ĉi

c2 Ĉi
c1]
)

+ Ni
1B

i
c1[C

i
2 0]Ri + Ni

1[A
i
c2 Ai

c1]
i,

[Ĵ ijc12 Ĵijc11] = [Jijc11 Jijc12]
i,

[Ĵijc22 Ĵijc21] = [Sj1 0]Ri + Sj2[Ĵ
ij
c12 Ĵijc11] + Nj

1[J
ij
c21 Jijc22]

i.
(26)

Consequently, conditions (15) and (16) are transformed equiv-
alently to conditions (22) and (23), respectively. In particu-
lar, the second part of condition (23) is used to ensure that
the Lyapunov matrix Pi is positive definite. Moreover, condi-
tion (24) is used to guarantee the resulting controller in the form
of (10)–(11) iswell-posed. Specifically, this condition implies via
Schur complement that D̂iT

c3 λ̂
−1D̂i

c3 − λ̂I < 0, which is equiv-
alent to Di

c3
TDi

c3 < I, ensuring invertibility of the matrix I +
Di
c3, in turn guaranteeing implementability of the controller as

discussed in Subsection 3.1. Finally, the controller gain matri-
ces reconstruction formulae (25) can be verified by inverting the
relations in (26), which ends the proof. �
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Remark 3.2: It is observed that the hybrid control synthe-
sis conditions (22)–(24) are fully characterised as LMIs, which
can be solved efficiently by semi-definite programming tech-
niques (Boyd et al., 2004). Afterwards, the associated hybrid
controller can be reconstructed by using the algorithmprovided
in Theorem 3.3. The computational complexity of solving the
LMI conditions (22)–(24) will be discussed in the simulation
section using a specific example.

Remark 3.3: It should be noted that the synthesis conditions
established in Theorem 3.3 are convex with a pre-chosen (fixed)
IQC dynamics, which could facilitate solving the associated
control synthesis problem but at a price of yielding poten-
tially conservative results. How to overcome such a deficiency
by considering the IQC dynamics as free variables with bal-
anced computational complexity and synthesis conservatism
remains an open problem in the field, which will be investi-
gated in our future work. In addition, instead of employing
just one single dynamic IQC for dealing with the time-varying
input delays, it is promising to further reduce conservatism
by employing conic combinations of multiple dynamic IQCs
(e.g.Pfifer & Seiler, 2015a, 2016). The influence of different IQC
representations (e.g.Kao, 2012; Pfifer & Seiler, 2015b) is another
promising direction worth further investigation for reducing
conservatism.

Remark 3.4: Note that the twopositive constantsλ0 andμneed
to be selected in advance in order to reach a convex hybrid con-
trol synthesis. These two constants can be selected by satisfying
the average dwell time constraint τa > ln(μ)

λ0
. As indicated in the

conditions in both Lemma 2 and Theorem 1, the constant μ is
upper bounding the possible increase of the values of each pair
of Lyapunov functions at each switching time instant, and the
constant λ0 constrains the convergence rate of each Lyapunov
function at the continuous-time intervals when no switching
occurs. As such, it is expectable that a larger μ might lead to
larger abrupt jumping effects at the switching time instants, and
a larger λ0 might result in faster convergence speed at contin-
uous time intervals, vice versa. Extensive studies on the effects
ofμ and λ0 to switched system performance have been given in
Lu et al. (2006), which are not repeated in this paper. We refer
interested readers to these references for more details.

4. Application example

In this section, we seek to demonstrate the effectiveness and
usefulness of the proposed hybrid control approach by apply-
ing it to solve an important engineering problem of regulation
of a nonlinear switched electronic circuit system. Specifically,
we consider the electronic circuit as shown in Figure 2, whose
switched dynamics can be obtained as follows based on the
Kirchhoff ’s law:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Cbσ
dvb
dt

= va − vb
Rσ

− f (vb)− u,

Caσ
dva
dt

= vb − va
Rσ

− iL,

L
diL
dt

= va,

(27)

Figure 2. Nonlinear switched electronic circuit.

where σ is the switching signal with σ ∈ {1, 2, 3}, va, vb are two
voltage signals crossing over the resistor Rσ , iL is the current
flowing through the inductor L, and u represents an input cur-
rent signal. Caσ and Cbσ with σ ∈ {1, 2, 3} are capacitors. The
characteristic of the nonlinear resistor f (vb) is a cubic function
(Yuan, 2017b) defined by f (vb) = avb + cv3b with a< 0, c> 0
being two constant numbers.

The regulation control problem for the above switched elec-
tronic circuit aims to ensure stability of the overall system and
drive the voltage output va to zero in the presence of the switch-
ing event σ and the time-varying input delays. To formulate
the problem under the proposed design framework, we let x =
[vb, va, iL] T, and define uncertain parameters �σ = [

δσ 0
0 δσ

]
with δσ := vb

v̄σ being normalised such that �i ∈ � (for i = 1,
2, 3), where we assume that vb ∈ [−v̄σ , v̄σ ] with v̄i > 0 being
two positive constants. As a result, the original dynamics of the
switched electronic circuit (27) can be equivalently rewritten in
the following switched LFT form:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ =

⎡
⎢⎢⎢⎢⎢⎣

−
(

a
Cσb

+ 1
RσCσb

)
1

RσCσb
0

1
RσCσa

− 1
RσCσa

− 1
Cσa

0
1
L

0

⎤
⎥⎥⎥⎥⎥⎦

x +

⎡
⎢⎣0 − c

Cσb
0 0
0 0

⎤
⎥⎦ p +

⎡
⎢⎢⎣

− 1
Cσb
0
0

⎤
⎥⎥⎦D(u),

q =
[
v̄σ 0 0
0 0 0

]
x +

[
0 0
v̄σ 0

]
p,

y = [1 0 0]x,

p = �σ q.

(28)

Note that we have assumed that the voltage vb is measurable
for feedback control. As such, since p in (28) is related to the
system state by p = [v2b, v

3
b]

T, p is also measurable for feedback
control use, which ensures implementability of the continuous
dynamics of our proposed robust hybrid control strategy.More-
over, we have also assumed that the control input u is subject to
time-varying delays withD(u) = u(t − τ(t)), where τ(t) satis-
fies τ ∈ [0, τ̄ ] and τ̇ ≤ r. For IQC-based delay control synthesis,
we specify the two constant parameters τ̄ = 0.1 and r = 0.01.
Then, we can select the following dynamic IQC multiplier �
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from Kao and Rantzer (2007) to characterise the associated
time-delay difference operator S(u) as defined in (7), i.e.

�(s) =
[|ϕ(s)|2 0

0 −1

]
,

where ϕ(s) = k( τ̄ 2s2+c′τ̄ s
τ̄ 2s2+a′τ̄ s+b′ )+ δ′, with k =

√
8

2−r , a
′ =√

6.5 + 2b′, b′ = √
50, c′ = √

12.5, and δ′ is an arbitrarily small
positive number selected as δ′ = 0.0001. By applying the IQC
factorisation methods of Seiler (2015), one can obtain the J-
spectral factorisation of the above� as

�(s) =

⎡
⎢⎣
( k(c′−a′)

τ̄
s − kb′/τ̄ 2

s2 + a′
τ̄
s + b′/τ̄ 2

+ k + δ′
)

0

0 1

⎤
⎥⎦ . (29)

It is easily verified that such a resulting IQC-induced LTI sys-
tem � satisfies Assumption 3.1. Moreover, the associated IQC-
induced dynamics can be expressed in a state-space form of (8)
with the system matrices are given by

Aψ =
⎡
⎣ 0 1

− b′

τ̄ 2
−a′

τ̄

⎤
⎦ , Bψ1 =

[
0
1

]
, Bψ2 = 0,

C̄ψ =
[
−b′k
τ̄ 2

k(c′ − a′)
τ̄

]
, D̄ψ1 = k + δ′, D̄ψ2 = 0.

Based on the above system setup, we chose the following
system parameters with normalised values to solve the LMI
conditions (22)–(24): R1 = 10/7, R2 = 1, R3 = 1.5, Cb1 =
1/9, Cb2 = 3, Cb3 = 2, Ca1 = 2, Ca2 = 1, Ca3 = 1.5, L = 1/7,
v̄1 = v̄2 = 5, a = −0.1, c = 2/45 and μ = 2, λ0 = 0.15. The
resulting controller gain matrices can be further obtained
through (25). To show the computational efficiency in solving
the above convex LMIs, we adopt the LMI solver in MATLAB
on an Intel Core i7-8750HCPUwith 32GBRAM to conduct the
control synthesis process, which involves 13 LMIs and 74matrix
variables while only takes 0.089 seconds.

Finally, with initial conditions x(0) = [3, 2, 1] T, xψ(0) =
[0, 0] T, xc(0) = [0, 0, 0] T, and a time-varying input delay pro-
file τ(t) = 0.99 + 0.01 sin(t), we carry out the time-domain
simulation on the original nonlinear switched electronic cir-
cuit by using the synthesised hybrid controller. The simulation
results are plotted in Figures 3– 7. In particular, Figure 3 shows
the switching signal σ(t), indicating that a total of 8 switches
occur throughout the entire 50 sec simulation. This implies an
average dwell time τa = 50

8 = 6.25, which is larger than ln(μ)
λ0

=
ln(2)
0.15 = 4.6210, satisfying the associated average dwell time con-
dition in Theorem 3.3. All the system states, including the plant
states, the IQCdynamics states, and the controller states, are dis-
played in Figures 4–6, respectively, which demonstrates stability
of the overall system. The control input signal u is also included
in Figure 7 to illustrate feasibility of the proposed approach. To
further demonstrate advantage of the proposed approach, we
compare the simulation results with those obtained by the con-
ventional robust control approach of Zhou et al. (1996) using a
common Lyapunov function for the switched system. It turns
out that the conventional robust control approach is unable

Figure 3. Switching signal σ .

Figure 4. Plant states x.

Figure 5. IQC dynamics states xψ .
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Figure 6. Controller states xc .

Figure 7. Control input u.

to yield a feasible solution for this application example. Note
that advantages of the IQC-based method over existing Lya-
punov functional methods for control of time-delay systems
have been extensively studied in Yuan and Wu (2017b), which
is not repeated here.

5. Conclusions

In this paper, we have proposed a novel hybrid controller for
robust control of a class of switched uncertain systems subject
to structured LFT uncertainties and time-varying input delays.
The proposed hybrid controller is compelling in the sense that
(i) it employs dynamic IQCs to cope with the effects of time-
varying delays; (ii) it utilises not only measurement outputs but
also some system’s internal signals for feedback control; (iii)
it contains a jump dynamics to enforce controller state jump
at each switching time instant; and more importantly (iv) the
associated control synthesis conditions that guarantee exponen-
tial stability can be fully characterised as LMIs under the ADT

switching framework, which can be solved efficiently. Finally,
the proposed approach has been successfully applied to solve
the regulation control problem for a nonlinear switched elec-
tronic circuit system. For future work, it is promising to extend
the proposedmethodology to hybrid systemswithmore general
settings, such as switched systems with nonlinear unstructured
uncertainties, switched impulsive systems, and hybrid systems
with state delays.

Disclosure statement
No potential conflict of interest was reported by the author(s).

Funding
This work was partially supported by the National Science Foundation
(NSF) [grant number CMMI-1952862].

References
Boyd, S., Ghaoui, L. E., Feron, E., & Balakrishnan, V. (2004). Linear matrix

inequalities in system and control theory. SIAM.
Cheng, J., Chang, X.H., Park, J. H., Li,H., &Wang,H. (2018). Fuzzy-model-

based H∞ control for discrete-time switched systems with quantized
feedback and unreliable links. Information Sciences, 436(1), 181–196.
https://doi.org/10.1016/j.ins.2018.01.021

Dai, D., Hu, T., Teel, R., & Zaccarian, L. (2009). Output feedback design
for saturated linear plants using Deadzone loops. Automatica, 45(12),
2917–2924. https://doi.org/10.1016/j.automatica.2009.09.022

Deaecto, G. S., Bolzern, P., Galbusera, L., & Geromel, J. C. (2016).H2 and
H∞ control of time-varying delay switched linear systems with applica-
tion to sampled-data control.Nonlinear Analysis: Hybrid Systems, 22(4),
43–54.https://doi.org/10.1016/j.nahs.2016.03.002

Deaecto, G. S., Geromel, J. C., & Daafouz, J. (2011). Dynamic output
feedback H∞ control of switched linear systems. Automatica, 47(8),
1713–1720. https://doi.org/10.1016/j.automatica.2011.02.046

Duan, C., & Wu, F. (2014). Analysis and control of switched linear sys-
tems via dwell-time min-switching. Systems & Control Letters, 70, 8–16.
https://doi.org/10.1016/j.sysconle.2014.05.004

Geromel, J. C., Colaneri, P., & Bolzern, P. (2008). Dynamic output feed-
back control of switched linear systems. IEEE Transactions on Automatic
Control, 53(3), 720–733. https://doi.org/10.1109/TAC.2008.919860

Hespanha, J. P., & Morse, A. S. (1999, December). Stability of switched
systems with average dwell-time. In Proceeding of the 38th IEEE CDC
(pp. 2655–2660).

Hetel, L., Daafouz, J., & Iung, C. (2006). Stabilization of arbitrary switched
linear systems with unknown time-varying delays. IEEE Transactions
on Automatic Control, 51(10), 1668–1674. https://doi.org/10.1109/TAC.
2006.883030

Kao, C. (2012). On stability of discrete-time LTI systems with varying
time delays. IEEE Transactions on Automatic Control, 57(5), 1243–1248.
https://doi.org/10.1109/TAC.2011.2174681

Kao, C., & Rantzer, A. (2007). Stability analysis of systems with uncertain
time-varying delays. Automatica, 43(6), 959–970. https://doi.org/10.
1016/j.automatica.2006.12.006

Lauridsen, J. S., Sekunda, A. K., Santos, I. F., & Niemann, H. (2015).
Identifying parameters in activemagnetic bearing system using LFT for-
mulation and Youla factorization. In 2015 IEEE Conference on Control
Applications (CCA) (pp. 430–435).

Li, Y., Sun, Y., & Meng, F. (2017). New criteria for exponential stability of
switched time-varying systems with delays and nonlinear disturbances.
Nonlinear Analysis: Hybrid Systems, 26, 284–291.https://doi.org/10.
1016/j.nahs.2017.06.007

Li, Y., Tong, S., Liu, L., & Feng, G. (2017). Adaptive output-feedback con-
trol designwith prescribed performance for switched nonlinear systems.
Automatica, 80(3), 225–231. https://doi.org/10.1016/j.automatica.2017.
02.005

Liberzon, D. (2003). Switching in systems and control. Birkhauser.

https://doi.org/10.1016/j.ins.2018.01.021
https://doi.org/10.1016/j.automatica.2009.09.022
https://doi.org/10.1016/j.nahs.2016.03.002
https://doi.org/10.1016/j.automatica.2011.02.046
https://doi.org/10.1016/j.sysconle.2014.05.004
https://doi.org/10.1109/TAC.2008.919860
https://doi.org/10.1109/TAC.2006.883030
https://doi.org/10.1109/TAC.2011.2174681
https://doi.org/10.1016/j.automatica.2006.12.006
https://doi.org/10.1016/j.nahs.2017.06.007
https://doi.org/10.1016/j.automatica.2017. 02.005


3448 C. YUAN ET AL.

Lu, B., Wu, F., & Kim, S. (2006). Switching LPV control of an F-16 air-
craft via controller state reset. IEEE Transactions on Control Systems
Technology, 14(2), 267–277. https://doi.org/10.1109/TCST.2005.863656

Ma, X., Wang, Q., Zhou, L., & Yang, C. (2016). Controller design and
analysis for singularly perturbed switched systems with actuator satu-
ration. International Journal of Robust and Nonlinear Control, 26(15),
3404–3420. https://doi.org/10.1002/rnc.3514

Megretski, A., & Rantzer, A. (1997). System analysis via integral quadratic
constraints. IEEE Transactions on Automatic Control, 42(6), 819–830.
https://doi.org/10.1109/9.587335

Pfifer, H., & Seiler, P. (2015a). Integral quadratic constraints for delayed
nonlinear and parameter-varying systems. Automatica, 56(2), 36–43.
https://doi.org/10.1016/j.automatica.2015.03.021

Pfifer, H., & Seiler, P. (2015b). An overview of integral quadratic constraints
for delayed nonlinear and parameter-varying systems. Preprint 2015.
arXiv:1504.02502.

Pfifer, H., & Seiler, P. (2016). Less conservative robustness analysis of linear
parameter varying systems using integral quadratic constraints. Inter-
national Journal of Robust and Nonlinear Control, 26(16), 3580–3594.
https://doi.org/10.1002/rnc.v26.16

Seiler, P. (2015). Stability analysis with dissipation inequalities and integral
quadratic constraints. IEEE Transactions on Automatic Control, 60(6),
1704–1709. https://doi.org/10.1109/TAC.9

Sui, S., & Tong, S. (2016). Fuzzy adaptive quantized output feedback
tracking control for switched nonlinear systems with input quantiza-
tion. Fuzzy Sets and Systems, 290(9), 56–78. https://doi.org/10.1016/j.fss.
2015.07.012

Sun, X. M., Zhao, J., & Hill, D. J. (2006). Stability and L2-gain analysis
for switched delay systems: A delay-dependent method. Automatica,
42(10), 1769–1774. https://doi.org/10.1016/j.automatica.2006.05.007

Sun, Z., & Ge, S. S. (2005). Switched linear systems: Control and design.
Springer.

Wang, J., & Zhao, J. (2016). Stabilisation of switched positive systems with
actuator saturation. IET Control Theory & Applications, 10(6), 717–723.
https://doi.org/10.1049/cth2.v10.6

Wu, F., & Lu, B. (2004). On convexified robust control synthesis. Automat-
ica, 40(6), 1003–1010. https://doi.org/10.1016/j.automatica.2004.01.010

Wu, X., Tang, Y., & Cao, J. (2019). Input-to-state stability of time-varying
switched systems with time-delays. IEEE Transactions on Automatic
Control, 64(6), 2537–2544. https://doi.org/10.1109/TAC.9

Yang, W., & Tong, S. (2015). Output feedback robust stabilization
of switched fuzzy systems with time-delay and actuator saturation.
Neurocomputing, 164, 173–181. https://doi.org/10.1016/j.neucom.2015.
02.072

Yuan, C. (2017a). Leader-following consensus of parameter-dependent net-
works via distributed gain-scheduling control. International Journal of
Systems Science, 48(10), 2013–2022. https://doi.org/10.1080/00207721.
2017.1309597

Yuan, C. (2017b). Robust H∞ output regulation of uncertain lin-
ear fractional transformation systems with application to non-linear
Chua’s circuit. IET Control Theory & Applications, 11(12), 2012–2019.
https://doi.org/10.1049/cth2.v11.12

Yuan, C., & Wu, F. (2015). Hybrid control for switched linear systems
with average dwell time. IEEE Transactions on Automatic Control, 60(1),
240–245. https://doi.org/10.1109/TAC.9

Yuan, C., & Wu, F. (2017a). Consensus for multi-agent systems with time-
varying input delays. International Journal of Systems Science, 48(14),
2956–2966. https://doi.org/10.1080/00207721.2017.1363927

Yuan, C., & Wu, F. (2017b). Exact-memory and memoryless control of
linear systems with time-varying input delay using dynamic IQCs.
Automatica, 77(8), 246–253. https://doi.org/10.1016/j.automatica.2016.
11.015

Zhai, J Y., Wang, B., & Fei, S M. (2015). Tracking control for switched non-
linear systems with multiple time-varying delays. Nonlinear Analysis:
Hybrid Systems, 17(4), 44–55.

Zhang, L., & Gao, H. (2010). Asynchronously switched control of switched
linear systems with average dwell time. Automatica, 46(5), 953–958.
https://doi.org/10.1016/j.automatica.2010.02.021

Zhang, L., Zhuang, S., & Shi, P. (2015). Non-weighted quasi-time-
dependent H∞ filtering for switched linear systems with persis-
tent dwell-time. Automatica, 54(2), 201–209. https://doi.org/10.1016/j.
automatica.2015.02.010

Zhang, M., Shi, P., Liu, Z., Ma, L., & Su, H. (2018). H∞ filtering for
discrete-time switched fuzzy systems with randomly occurring time-
varying delay and packet dropouts. Signal Processing, 143(5), 320–327.
https://doi.org/10.1016/j.sigpro.2017.09.009

Zhang, W. A., & Yu, L. (2009). Stability analysis for discrete-time switched
time-delay systems. Automatica, 45(10), 2265–2271. https://doi.org/10.
1016/j.automatica.2009.05.027

Zhao, J., & Hill, D. J. (2008). On stability, L2-gain and H∞ control
for switched systems. Automatica, 44(5), 1220–1232. https://doi.org/10.
1016/j.automatica.2007.10.011

Zhou, K., Doyle, J. C., & Glover, K. (1996). Robust and optimal control.
Prentice Hall.

Zong, G., Wang, R., Zheng, W., & Hou, L. (2015). Finite-time H∞ con-
trol for discrete-time switched nonlinear systems with time delay.
International Journal of Robust and Nonlinear Control, 25(6), 914–936.
https://doi.org/10.1002/rnc.3121

https://doi.org/10.1109/TCST.2005.863656
https://doi.org/10.1002/rnc.3514
https://doi.org/10.1109/9.587335
https://doi.org/10.1016/j.automatica.2015.03.021
https://doi.org/10.1002/rnc.v26.16
https://doi.org/10.1109/TAC.9
https://doi.org/10.1016/j.fss.2015.07.012
https://doi.org/10.1016/j.automatica.2006.05.007
https://doi.org/10.1049/cth2.v10.6
https://doi.org/10.1016/j.automatica.2004.01.010
https://doi.org/10.1109/TAC.9
https://doi.org/10.1016/j.neucom.2015.02.072
https://doi.org/10.1080/00207721.2017.1309597
https://doi.org/10.1049/cth2.v11.12
https://doi.org/10.1109/TAC.9
https://doi.org/10.1080/00207721.2017.1363927
https://doi.org/10.1016/j.automatica.2016.11.015
https://doi.org/10.1016/j.automatica.2010.02.021
https://doi.org/10.1016/j.automatica.2015.02.010
https://doi.org/10.1016/j.sigpro.2017.09.009
https://doi.org/10.1016/j.automatica.2009.05.027
https://doi.org/10.1016/j.automatica.2007.10.011
https://doi.org/10.1002/rnc.3121

	1. Introduction
	2. Preliminary and problem statement
	2.1. Preliminaries
	2.2. Problem statement

	3. Main results
	3.1. System transformation and hybrid controller structure
	3.2. Exponential stability analysis and hybrid control synthesis conditions

	4. Application example
	5. Conclusions
	Disclosure statement
	Funding
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [609.704 794.013]
>> setpagedevice


