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HT-LIP Model based Robust Control of Quadrupedal Robot
Locomotion under Unknown Vertical Ground Motion

Amir Igbal, Sushant Veer, Christopher Niezrecki, and Yan Gu

Abstract—This paper presents a hierarchical control frame-
work that enables robust quadrupedal locomotion on a dy-
namic rigid surface (DRS) with general and unknown vertical
motions. The key novelty of the framework lies in its higher
layer, which is a discrete-time, provably stabilizing footstep
controller. The basis of the footstep controller is a new hybrid,
time-varying, linear inverted pendulum (HT-LIP) model that
is low-dimensional and accurately captures the essential robot
dynamics during DRS locomotion. A new set of sufficient
stability conditions are then derived to directly guide the
controller design for ensuring the asymptotic stability of the
HT-LIP model under general, unknown, vertical DRS motions.
Further, the footstep controller is cast as a computationally
efficient quadratic program that incorporates the proposed HT-
LIP model and stability conditions. The middle layer takes
the desired footstep locations generated by the higher layer
as input to produce kinematically feasible full-body reference
trajectories, which are then accurately tracked by a lower-
layer torque controller. Hardware experiments on a Unitree
Gol quadrupedal robot confirm the robustness of the proposed
framework under various unknown, aperiodic, vertical DRS
motions and uncertainties (e.g., slippery and uneven surfaces,
solid and liquid loads, and sudden pushes).

Index Terms—Legged robotics, dynamic platform, reduced-
order model, footstep control.

I. INTRODUCTION

Due to the prevalence of uncertainties in real-world en-
vironments, robustness is a crucial performance measure
of legged robot control. Various control approaches [1]-
[4] have achieved remarkably robust locomotion in a wide
variety of unstructured, static environments (e.g., sand,
grass, hiking trails, and creeks). Yet, since the previous
approaches typically assume a static ground, they may not be
effective for a dynamic rigid surface (DRS), which is a rigid
surface moving in the inertial frame and can persistently
and continuously perturb the robot movement. This paper
introduces a reduced-order model based control framework
that achieves robust quadrupedal trotting on a DRS with a
general and unknown vertical motion.

A. Related Work

1) Related work on DRS locomotion control: Recently,
there has been a growing interest in addressing the problem
of DRS locomotion control [5]-[10]. Henze et al. [5] have
proposed a passivity-based controller based on a full-order
robot model for humanoid balancing on a rigid rocker
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Y. Gu (yangu@purdue.edu).

board. Englsberger et al. [[6] have proposed a walking gait
generator for humanoid walking on a rigid surface with
a constant linear velocity. However, these studies do not
address surfaces with notable, varying accelerations.

Researchers have also explored locomotion control for
floating-base, rigid platforms with inertia comparable to
the robot, including rolling rigid balls [7]], [9] and floating
islands [10]. Still, the robot control problem for rigidly
actuated or heavyweight DRSes (e.g., trains, vessels, and
airplanes), whose dynamics are barely affected by the phys-
ical robot-surface interaction, remains under-explored. Our
previous legged robot controllers for DRS locomotion [8]],
[L1]-[14] have focused on such surfaces. Yet, since they
assume a periodic (and even sinusoidal) surface motion
whose entire time profile is accurately known ahead of time,
they cannot address unknown or aperiodic DRS motions.

2) Related work on reduced-order models: Reduced-
order models describe the robot’s essential dynamics. By
considering the relatively simple reduced-order models in-
stead of the complex full-order models, motion generators
can more efficiently plan desired trajectories, enabling quick
reaction to disturbances for robust locomotion.

One widely used reduced-order model is the linear in-
verted pendulum (LIP) model [15]]. Thanks to its linearity,
low dimensionality, and analytical tractability, the LIP has
served as a basis for the closed-form analysis, online motion
generation, and real-time control of bipedal [15]-[17] and
quadrupedal [[18] locomotion on static surfaces. The clas-
sical LIP describes a legged robot as a point mass, which
corresponds to the robot’s center of mass (CoM), atop a
massless leg, with the point foot located at the robot’s center
of pressure (CoP) [[15], [19], [20].

The classical LIP model has been expanded to capture
the hybrid dynamics of legged locomotion on a stationary
surface [21]]-[24], which include continuous leg-swinging
dynamics and discrete foot-switching behaviors. Using the
theory of linear, hybrid, time-invariant systems, the asymp-
totic stability condition for the hybrid LIP (H-LIP) model un-
der a discrete-time footstep controller has been constructed
to enable robust locomotion under external pushes [21]], [22].
Yet, the model and stability condition may not be valid under
a significant DRS motion since they assume a static ground.

Although our recent study on quadrupedal walking has
analytically extended the continuous-time LIP model [15]
from static to dynamic surfaces [11], [12], the modeling and
analysis do not consider hybrid robot dynamics.

B. Contributions
This paper introduces a reduced-order model based con-
trol approach that achieves robust quadrupedal trotting on
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Fig. 1. Snapshots of experiments. All experiments are under the unknown and aperiodic vertical surface motion zs(¢) as shown in (a) and (b). The robot
also experiences additional unknown disturbances, which include: (c) sudden pushes that result in (d) an irregular robot posture just after a push; (e) rocky
surface with a peak height of 10 cm; (f) smooth glass surface; (g) solid load (36% of the robot’s mass); and (h) liquid load (32% of the robot’s mass).

rigidly actuated or heavyweight DRSes with aperiodic and
unknown vertical motions (e.g., ships and airplanes). Some
of the analytical results reported in this paper have been
previously presented in [25]], which are the derivation of
the proposed HT-LIP model and the preliminary stability
analysis of the HT-LIP. This study makes the following new,
substantial contributions: (a) generalization of the stability
condition in to enlarge the solution space for controller
design under unknown DRS motions; (b) formulation of
a robust footstep controller as a computationally efficient
quadratic program that enforces stability conditions even
under unknown, vertical motions; (c¢) derivation of a hi-
erarchical control approach that incorporates the proposed
quadratic program; (d) stability analysis for the full-order
model under the proposed control approach; and (e) exper-
imental validation under various uncertainties (Fig. [I)).

II. STABILIZATION OF A HYBRID TIME-VARYING LIP

This section introduces a reduced-order model that cap-
tures the essential hybrid robot dynamics associated with
quadrupedal trotting on a DRS with a general vertical
motion, along with its stabilizing control law.

A. Open-Loop Reduced-Order Model

To derive the proposed reduced-order model, we extend
the classical H-LIP model from static surfaces to DRSes
by combining the H-LIP and our previous continuous-
phase time-varying LIP model [12] derived for DRSes. The
resulting model, as illustrated in Fig. [2] is a hybrid, time-
varying LIP model, which we call “HT-LIP”.

1) Model assumptions: The proposed model derivation
considers the following simplifying assumptions:

(A1) The absolute vertical acceleration of the DRS is
bounded and is locally Lipschitz in time.

(A2) The desired duration of the continuous phase during
the HT-LIP stepping is bounded for all walking steps.

(A3) The CoM maintains a constant height above the CoP
(i.e., the support point S in Fig. [2).

Assumption (A1) holds for common real-world dynamic
platforms since their acceleration is continuous and bounded
and does not change abruptly [26]. Assumption (A2) is
reasonable as it ensures a finite duration for each continuous

phase of the HT-LIP and prevents Zeno behavior [27].
Assumption (A3) helps avoid kinematic singularity induced
by an overly stretched knee joint, and ensures the linearity
of an inverted pendulum model as explained later.

2) Continuous phases: Under assumption (A3), the
continuous-phase dynamics of a 3-D inverted pendulum
model along the x- and y-axes of the world frame are linear
and share the same form, as explained in our previous work
on continuous-time LIP modeling for DRSes [25]. Without
loss of generality and for brevity, the subsequent analysis
considers the HT-LIP model in the x-direction (see Fig. 2).

We use z(r), g, and zo to respectively denote the vertical
acceleration of the support point S, the magnitude of grav-
itational acceleration, and the CoM height above S. Here,
the time argument ¢ is kept in the notation of the surface
acceleration #(r) to highlight its explicit time dependence.

Denoting the horizontal CoM position relative to point S
as x, we express the continuous-phase equation of motion for
the HT-LIP in the x-direction as the following continuous-
time, time-varying, linear, homogeneous system:

= 5O*s
<0

(€]

3) Discrete foot switching: Besides continuous dynamics,
the proposed HT-LIP also considers the discrete foot-landing

event when the stance and support feet switch roles. We use
t, to denote the n'h switching instant with n 2 N. Further, we
denote the time instant just before and after the " switching
instant as t, and t,, respectively. For notational brevity, we
introduce ?j, :=?(t, ) and ?j} :=2(t;)).

At the switching timing, the location of the support point
S on the DRS is reset, resulting in an sudden jump in the
relative CoM position x. As illustrated in Fig. [2] the relative
CoM position just after the switching, xj;", is given by:
”x;d; (2)

7 = 4,
where u,.;, is the new support-foot position relative to the
previous one in the x-direction.

The CoM velocity stays continuous at the switching
instant, that is, %j,; =Jj, , because the angular momentum of
the CoM about the contact point S is conserved and the CoM
height remains constant above S within continuous phases

(i.e., assumption (A3)) [22].
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Fig. 2. An illustration of the proposed HT-LIP model in the sagittal plane.
The model describes the time-varying dynamics of the point mass (located
at the CoM) under the vertical DRS displacement zs(). It also captures the
hybrid nature of legged locomotion, including both the continuous foot-
swinging phase and the discrete foot-switching behavior.

Combining the continuous dynamics in (I) and the dis-
crete jump 81 () yields the proposed HT-LIP model as:
X=a()X ift&t,;

X(t,)=X(t, ) +bu.y ift=t,; )

where X :=[x; &7 and b :=[ 1; 0]7. The matrix a(r) is
defined as a(r) := ) 0 with f(z) := % Similar to
zs(t), we keep the time argument 7 in the notation of f()
and a(r) to highlight their explicit time dependence.

4) Open-loop step-to-step (S2S) model: The S2S model
of the HT-LIP compactly describes the hybrid evolution of
the HT-LIP during a gait cycle, which is used to construct
the proposed stability conditions of the HT-LIP later.

Integrating the continuous dynamics and iterating the
discrete jump map based on (B) yields the S2S model as:

X, = F(f(0):t,, it (X), +buga); 4)

Rt .
wher.e. F(f(t);.tnﬂ;t,f ) = t”;’*' exp a(r) dr is the state-
transition matrix of the »’" continuous phase from t; to
t,,,. Here exp() is a matrix exponential function.

B. Discrete Footstep Control for HT-LIP

While the continuous-time portion of the HT-LIP model
is unstable [T1]] and uncontrolled as indicated by (3)), the
discrete-time footstep behavior is directly commanded by
the foot displacement u,.,. Thus, we design a discrete-time
footstep control law based on the HT-LIP model that aims to
asymptotically stabilize the desired state trajectory, denoted
as X,(¢); i.e., to drive the state trajectory X(¢) to track the
desired trajectory X,(r) as time goes to infinity.

The tracking error is defined as e:=X X, =:[e; ¢]”, where
x, and %, are the elements of X, i.e., X, = [x:%]".

By incorporating the error e, the discrete HT-LIP stepping
controller u,.; at the switching instant t, is designed as:

Ux:d = ux;r+Kejn : 5)

Here uy, :=x,j, xj, is the desired foot-landing position of
the desired trajectory X,(¢), and K:=[k; k] is the feedback
gain to be designed later for asymptotic stabilization of X,(z).

From the feedback control law (3 and the open-loop S2S
dynamics (@), the closed-loop S2S error dynamics become:

ejn+1 = Ad;nejn ; (6)

where A, is the S2S error state-transition matrix and is
defined as Ay, := F(f(?);t,,,;t, )+ bK) with I an identity
matrix with an appropriate dimension.

III. HT-LIP BASED FOOTSTEP PLANNING

This section presents the overall structure and higher-layer
footstep planner of the proposed hierarchical control frame-
work. The framework aims to achieve robust quadrupedal
trotting on a DRS with an unknown vertical motion.

One effective way to achieve robust locomotion is to plan
the physically feasible footstep locations in real-time [21]],
[22]. However, realizing online footstep planning is substan-
tially challenging due to the complex robot dynamics, which
are hybrid, nonlinear, time-varying, and high-dimensional.

Another challenge in achieving robust locomotion is the
underactuation associated with quadrupedal trotting. With
13 DoFs and 12 independently actuated joints, a typical
quadrupedal robot (e.g., Unitree’s Gol) has one degree
of underactuation during trotting and accordingly two-
dimensional unactuated dynamics. Ensuring robust locomo-
tion under underactuation is complex because (a) while the
directly actuated portion of the actual robot dynamics can
be well regulated, the unactuated subsystem may not be
directly altered by joint torque commands [22] and (b) as
indicated in our prior analysis [12], the unactuated system
during continuous phases is inherently unstable under real-
world DRS motions (e.g., ship motions in sea waves).

To achieve robust locomotion, the proposed control frame-
work employs a classical hierarchical structure [21], [22]] and
contains three layers. The key novelty of the framework lies
in its higher-layer footstep planner, which is presented in this
section. The middle layer and the stability analysis of the
complete closed-loop unactuated subsystem are respectively
given in Secs. III and IV of the supplementary file. Details
of the lower layer are omitted since the existing torque
controller [1]] is adopted.

A. Framework Structure

1) Higher-layer footstep planning: To reject uncertainties
for ensuring robust locomotion, the proposed higher layer
efficiently generates the desired, physically feasible footstep
locations and CoM position trajectories in real-time.

To guarantee the planner’s feasibility, we use the proposed
HT-LIP model to approximate the robot dynamics in the
higher-layer planning. The HT-LIP model is reasonably
accurate because today’s legged robots typically have heavy
trunks and lightweight limbs, thus closely emulating an
inverted pendulum [12]. Meanwhile, thanks to its linearity
and low dimension, using the HT-LIP model can also ensure
planning efficiency for real-time motion generation.

Further, to ensure the stability of the hybrid, time-varying,
nonlinear, and underactuated robot dynamics, we construct
the higher-layer planner as a real-time footstep controller
of the HT-LIP, which indirectly stabilizes the unactuated
dynamics by provably stabilizing the HT-LIP. This footstep
controller is the key novelty of the higher-layer planner, and
is introduced in subsections B and C.

2) Middle-layer full-body trajectory generation: Based
on the robot’s full-order kinematics model, the middle layer
efficiently translates the output from the higher layer (i.e.,
the desired footstep location and CoM trajectories) into the
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Fig. 3. lllustration of the proposed hierarchical control framework. The higher layer generates the desired footstep locations. The middle layer employs a

full-order kinematics model to plan physically feasible full-body trajectories. The lower-layer controller tracks the desired full-body trajectories.

desired full-body trajectories. The translation also agrees agn< L (10)

with assumptions (A1)-(A3) underlying the HT-LIP model,

The proof is in Sec. II-A of the supplementary le. 306

further reducing the discrepancy between the actual robot 3) Stability condition on footstep controBased on The- sor

dynamics and the model for planning feasibility.
3) Lower-layer full-body control: Considering its high

orem[], the following theorem provides the suf cient condisos
tion under which the footstep controller [} (5) asymptoticallys

performance in ensuring gait feasibility and motion trackingstabilizes the HT-LIP model if13). 210
accuracy, the lower layer adopts the existing controller [1] Theorem 2 $ufcient stability condition on footstep su
that outputs the joint torque to track the desired full-bodycontrol gain): Consider assumptions (A1) and (A2). Thew
trajectories based on a single rigid body model. Both thgeedback footstep controller gaik (i.e., ky and ky) guar- s
middle and lower layers approximate the robots CoM atantees the asymptotic closed-loop stability of the desired

the base/trunk center.

B. Stability Condition under Unknown DRS Motions

The design of the proposed higher-layer footstep planner
begins with the construction of the asymptotic stability con-

dition of the HT-LIP model under unknown DRS motions.
1) Supreme model of HT-LIPThe proposed asymptotic

trajectory X, (t) for the HT-LIP model if a1

(1 ky)cosh(xn) + %h(%—”) kocosh(xp) < 1 and
q_ q_ (11)
(1 ki) fpsinh(xy) + coshixn) ke f,sinh(xy) <1

q—

stability condition is built on a supreme model of the S2Sho|q for anyn" gait cycle 2 N). Here,x,:= Dty T a16

error dynamics in[{6), which is derived next.
By de nition, the function f(t) is both positive and
bounded fort 2 R* and locally Lipschitz under the assump-

tion (Al). We usef,, to represent any positive constant pa-

rameter no less than the supremumf ¢ overt 2 (tn;tne1]
(i.e., f,, should satisfyf,, supf(t) ont2 (tn;tn.1].

Since the continuous-phase error systemgisf(t)e, we
de ne its supreme model as:

e= T8 )

wheree is the solution of this model. Because the supremum

Proof: The rationale of the proof is to show [T__(Ill)n is validsr

for all n2 N then the stability condition in Theorgn 1 holds::s
By de nition, the state-transition matrif (f,;Dtn;0) for s

the state-space representation of the time-invariant supse-

mum model in[(}) is given as: 21
= 0 1 Fuu F
F(fuDtniO)=exp ¢ o Dtn =: SR

n F21 522
cosh(xn) Sigh(xn) 12)
=: 4 q — fn 5 :

f,sinh(xn)  cosh(xn)

model is linear and time-invariant, its state-transition ma- sing the expressions of the state-transition matrif i (12)

trix, denoted a¥, satis esF(f;t,, ;;ty) = F(f,;Dtni1;0),
whereDty,1:=t,,, t, denotes the duration of théh con-

tinuous phase. Accordingly, the S2S state-transition matrix

of the supreme model is de ned as
Agn = F (T Dtnr1;0)(1 + bK): 8)

2) Asymptotic stability condition on S2S dynamid¥e
rst introduce the suf cient condition for the asymptotic

stability of the closed-loop S2S error model [} (6).
Theorem 1 $uf cient stability condition on S2S dynam-
ics): Consider assumptions (Al) and (A2). De ne

ad;n = |(Kd;nk¥; )

wherek ?ky is the in nity norm of the matrixe. The closed-
loop S2S error dynamics iff]) is globally asymptotically

stable if the following inequality holds for ali2 N

and those ob andK, we can expressg., as: 323
x (1 k)F11 Fro kFap |

Aqn = — : 13
T (1 k)F2 Fao koFar (13)

By de nition, the in nity norm of Ay, is: 324
KAgnky := max(jF11(1 ki)j+jF12 Fiikoj; (19)

jF21(1 ko)j+jF22 Faskj):

__If the footstep controller satis e$ (11), théR (1 ky)j+ s
jF12 Fiikoj< landjF21(1 ky)j+jFo Foalkoj< 1 hold for sz
any n2 N. Accordingly, ag:n = kAgnky < 1 holds onn2 N, s
meeting the stability condition in Theordm 1. a8

Remark 1 Applicability of Theorems[Jl and ]2 The
stability conditions in Theoremf] 1 arld 2 are valid foo
variable continuous-phase duration and general (periodic
and aperiodic) vertical DRS motions. Also, applying these
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conditions does not require an accurate knowledge of thef the HT-LIP, respectively. Meanwhile, the step lengthw
vertical DRS motion but an upper bound of its accelerationshould be set to respect the friction cone and unilateral

C. Formulation of QP-based Footstep Control constraints at the foot-surface contact points expressedssas
To ensure online footstep planning, we formulate a comtixd 2 [ 2meo; 2meo], Wherem s the friction coef cient. 383
putationally ef cient QP that calculates the controller gain In summary, the stability condition and the feasibilitys.
K in real-time, maximizes the error convergence rate, angonstraints can be compactly expressed as: ass
enforces feasibility and stability conditions of the HT-LIP. EKT < d (18)
1) Ensuring real-time update of control gairBecause :
the stability condition in Theorem 2 relies on the values ofVith 2 el 2 lmax  Urn 3 e
the system parametey, that can vary across different gait e e Imin+ Urn
cycles, it is necessary to update the control gqiat least E.= Fun  Fn andd = 81 F11 Faf, (19)
once per gait cycle in order to meet the stability condition. ' Fii  Fu © Rl Fut Faode

The variance ofx, across different gait cycles is due to Far Fa 1 Fa F2
changes in the gait cycle durati@n, and the parametet,,. Fa  Fa 1+ Fa1+ Fa
The varying value obt, across gait cycles can be induced where the scalar, real constamisx andlmi, are de ned as s
by users or a high-level path planner, while thatfgfcan  max:= MaX(Umas M) andlmin := MIN(Umin; ~ MZp). 358

be caused by the constantly changing DRS motion. With the cost function and constraints designed, the pres
For timely mitigation of uncertainties in real-world appli- Posed QP that produces the footstep controller gaifs o
cations, updating the planned footstep position every tim@iven in the following theorem. 301

step is necessary [22]. Although Theorem 2 ensures the Theorem 3 QP-based control gain optimization The s
system stability under the once-per-gait-cycle update of control gaink that maximizes the convergence rate, guass
andx, instead of an update every time step, Theorem 2 caf"€es stability, and ensures feasibility for an HT-LIP modek

be readily extended to guarantee the stability even whel$ 9iven as a solution to Fhe following QP problem: 395
K and x, are updated every time step. This is essentially min - J(K) 20
because the supremum system used to construct the stability subject to EKT < d: (20)

conditions is time-invariant and accordingly its S2S state- o 296
transition matrixa., enjoys the associative property in terms ~ The proof is given in Sec. 1I-B of the supplementary les

2) Achieving fast convergence raté:emma 1 in Sec. Proposed QR Note that the cost function in (15) is convexass
I-A-3) of the supplementary le shows that for aiz N Meanwhile, the feasibility and stability constraints of thex
we have &.,, agn 6, . Thus, minimizingag,, ensures QP in (20) are non-con icting if the feasible region for theo:
a fast convergence rate of the ermorBased on (14), this constraintsEK™ < d remains non-empty. Accordingly, the.
can be achieved by minimizing the sum of the squares ofolution feasibility and optimality for the QP problem in (20)es

iFi(1 k)j+iF12 Faikej andjFos(l Kp)j+ Fon Fatkol), is g_uaranteed. In prac_tice, the non-emptiness of the ft_eas_ible
which is used as the cost functiotk): region can be numerlcallyi evaluated under the admissilbe
1 range of system parametefs and Dt . 406
J(K) = EKSKT’f Ke: (15 Remark 3 $olving the QP in real-timg Solving the o

HereS andc are respectively the Hessian matrix and gradien{:JrOpOSGd _QP reql;ires_ the knowl_edge of the upper boumd
vector of the cost functiod(K) and are de ned as: of f(t) during anyn" gait cycle, as indicated by the stabilityaos
2(?2 +f2) 0 condition in Theorem 2. Since the needed upper bound

11 21

_, _o,_ and can be any upper bound dft) during anynt" gait cycle, uu
0 AF 11+ Fay) (18)  we can solve the proposed QP, in principle, by using .a
c=| 2(?f1+ ?21); 2(F11F 12+ F21F 2] suf ciently large value of the upper boung, that is valid s

th Nai i ;
3) Enforcing stability conditions: The asymptotic sta- across any ga|t_ cycles. Ygt, using suph a bound might bex
bility condition of the HT-LIP model under the proposed Overly conservative, reducing locomotion robustness. Thus,

footstep cqntrol law, given in (11), can be fewritten as: ~ We choose to estimate the upper bound of the surfage
E = E.E acceleration in real-time and updaftg at every time step.

S=

F 1 Fyy F
fii Fﬁé 1+ fiJr Fizé The vertical surface acceleratign can be roughly esti- s
Fo.  For 1 Fy Epb A7) mated based on the readings of an on-board inertial mea-
Fo1 Foxu 1+ Fo1+ Foo surement unit (typically placed at the trunk) and the robotis

forward kinematics. Using the rough estimate, we can then
obtain both an upper bound of the surface acceleration...
and the values of,,, ag;,, andF. 423

4) Satisfying kinematic limits and ground-contact con-
straints: The physical feasibility of footstep planning is

guaranteed by respecting (i) the kinematic bounds on th
trotting step length and (ii) the friction cone and unilateral IV. EXPERIMENTS o
ground-contact constraints. The kinematic limit of the step This section presents hardware experiment results «to
length u.q can be expressed agg 2 [umin; Umad, Where demonstrate the proposed control framework can stabilize
Umax and umin are the maximum and minimum step lengthsquadrupedal trotting on a DRS with an aperiodic ang
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