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Abstract—The ability to reliably track various planned
paths with specific timing, which is termed as the global-
position tracking capability in this paper, is essential to highly
versatile bipedal robotic walking. To provably guarantee global-
position tracking performance for fully actuated bipedal robots,
this study proposes a time-dependent state-feedback control
strategy based on a) a full-order model of the hybrid, nonlinear,
floating-based bipedal walking dynamics, b) time-dependent
input-output linearization, and c¢) Lyapunov-based stability
analysis. This study also provides general guidelines for adapt-
ing the proposed control strategy to walking experiments in
the presence of a common hardware limitation of bipedal
robots, which will help to bridge the gap between theory
and experiment in bipedal walking control. Simulations and
experiments on a NAO bipedal robot were performed to
demonstrate the effectiveness of the proposed walking control
strategy.

I. INTRODUCTION

Versatility of bipedal robotic walking refers to a robot’s
ability to purposefully perform different motions [1]. An
important aspect of enabling versatile walking is to real-
ize reliable tracking of various planned trajectories of a
robot’s global position (i.e., a robot’s based position in the
world coordinate frame). Global-position tracking control
has been extensively investigated and successfully imple-
mented on various bipedal robots through the Zero-Moment-
Point (ZMP) approach [2]-[4]. Despite the high versatility,
the ZMP approach can only realize relatively low agility and
energy efficiency and cannot provably guarantee the stability
of the closed-loop walking control system [5], [6].

To produce provably stable, agile, and efficient walk-
ing, the Hybrid-Zero-Dynamics (HZD) approach has been
introduced based on full-order dynamic modeling, input-
output linearizing state feedback control, and orbital sta-
bilization [5], [7]. The HZD framework has realized agile
bipedal gait for fully actuated [8], underactuated [9], [10],
and multi-domain walking [11], as well as running [12]
and robot-assisted human walking [13]. Recently, velocity
regulation [4] and learning-based gait library design [14]
have been incorporated into the HZD framework to enhance
walking versatility beyond periodic walking.

Inspired by the HZD approach, we have introduced time-
dependent feedback control to achieve exponential global-
position tracking for enhancing walking versatility of fully
actuated planar bipedal robots [15], [16]. To our best knowl-
edge, it is the first time that exponential global-position
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tracking has been provably produced for bipedal robotic
walking. This control strategy has been theoretically ex-
tended to a 3-D bipedal robot with 9 DOFs and validated
through simulations [17].

In this study, our previous global-position tracking control
will be further extended to a general three-dimensional (3-
D) bipedal robot model and experimentally evaluated on
a NAO bipedal humanoid robot [18]. This paper has two
main contributions. The first main contribution is a set
of formally constructed sufficient conditions that provably
guarantee the exponential global-position tracking perfor-
mance of the proposed control strategy. The second main
contribution is experimental guidelines that can be used to
adapt the proposed global-position tracking controller to a
representative bipedal robot platform with a common control
implementation limitation, which will help to bridge the gap
between theory and experiment in bipedal walking control.

This paper is organized as follows. Section [lI] presents
the hybrid full-order model of bipedal walking dynamics.
The proposed global-position tracking control is explained
in Section including the derivation of trajectory tracking
errors, the construction of impact invariance conditions,
and the analysis of closed-loop system stability. Section
introduces simulation results for control design validation
and hardware implementation preparation. Details of exper-
imental validation are given in Section [V} including general
guidelines of controller adaptation for addressing a common
hardware limitation of bipedal robots.

II. HYBRID FLOATING-BASED DYNAMICS OF
BIPEDAL ROBOTIC WALKING

This section presents a full-order model of bipedal walk-
ing dynamics, which provides a faithful description of the
hybrid, nonlinear dynamic behaviors of all degrees of free-
dom involved in walking and will be utilized in the design
of the proposed model-based feedback control in Section [T}

Because bipedal robotic walking is inherently hybrid
involving both continuous dynamics (e.g., foot swinging)
and discrete behaviors (e.g., foot landings), it is natural to
model a bipedal walking process as a hybrid dynamical
system. The following modeling assumptions are considered
in this study: a) The walking surface is even and horizontal;
b) During a single-support phase, the robot’s support foot
remains full, static contact with the walking surface; c¢) The
landing event is modeled as an impact between rigid bodies,
and a double-support phase is instantaneous [5].

The generalized coordinates of a floating-based bipedal
robot can be denoted as



a=[p). 7 a1, €Q, (1)
where Q C R™0 s the configuration space, pp =
[xp,¥p,25]" € R represents the floating-base position with
respect to (w.r.t.) the world coordinate frame, which is
used to represent the robot’s global position in this study,
Y, = [0p, 6, W]T represents the vector of pitch, roll, and
yaw angles of the floating base w.r.t. the world coordinate
frame, and ¢, ...,q, represent the robot’s joint angles.

The NAO robot (Fig. [T) has 24 joints (i.e., n = 24). Due
to the mechanical coupling between the two hip joints and
the holonomic constraint that the support foot remains static,
full contact with the walking surface, the robot has 23 DOFs.
Since it also has 23 independent joint actuators, the robot is
fully actuated.
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Fig. 1. An illustration of the revolute joints of a NAO bipedal humanoid
robot. The coordinate system of the robot’s floating base is located at the
center of the chest.

A. Continuous-Phase Dynamics

With Lagrange’s method, bipedal walking dynamics dur-
ing a continuous phase can be obtained as [5]:

M(q)d+e¢(q,q4) =Bu+J'F, )

where M(q) : Q — ROH0)X(1+6) g the inertia matrix,
c(q,q) : TQ — R#H0)x(n+6) s the sum of Coriolis, cen-
trifugal, and gravitational terms, B € R(n+6)xm (m=23)isa
constant matrix, and u € R™ is the joint torque vector. Here,
F € R7 is the vector of the ground-reaction force applied
at the support foot and the internal force between the two
mechanically coupled hip joints, and J is the associated
Jacobian matrix. The holonomic constraints that the NAO
robot is subject to can be described as [19]:

Ji+Jg=0. (3)

From Eqgs. (2) and (3), the continuous-phase dynamics can
be compactly expressed as:

M(q)d +¢(q,q) = B(q)u, “4)

(
where the derivations of ¢(q,q) and B(q) are shown next.
From Eq. (), one has

q=M'(—c+Bu+J'F). (5)
Substituting Eq. (3) into Eqgs. (3) yields:
F=OM D1 oM le—Jjg—IM 'Bu). (6

Substituting Eq. (€) into Eq. (2), the expressions of &(q, q)
and B(q) can be obtained as:

&(q,q) =c—J'IM ) TIM Te—Jq);
B(q) =B—-J'UM 1 yh)-1ym~!B.
B. Switching Surface

(7

A switching event that connects a continuous single-
support phase with a subsequent instantaneous double-
support phase can be described by a switching surface:

Sq(‘LQ) =1{(q,9) € TQ:zuw(q) =0,z(q,q) <0}, (8)

where z;, : Q@ — R represents the swing-foot height above
the walking surface.

C. Reset Map

When the swing foot hits the walking surface, an instanta-
neous rigid-body impact occurs. The robot’s joint positions
will remain continuous upon the impact. But the joint
velocities will experience a sudden jump, which can be
described by the following reset map:

4" =Ry(q)q", ©)
where ¢~ and ¢ denote the values of  right before and
after an impact. Here, R;: Q — R(+6)x(7+6) can be obtained
by solving

M(a”)

J'(q7)
where OF is a vector of the impulsive ground-reaction force
and hip coupling force, and 077 is a 7 X 7 zero matrix.

][] = M.

III. TIME-DEPENDENT GLOBAL-POSITION TRACKING
CONTROL

The primary control objective of this study is to achieve
satisfactory tracking of the desired global-position trajectory
along the desired global path on the walking surface for a
fully actuated NAO bipedal walking robot. To realize this ob-
jective, a time-dependent, model-based feedback controller
is synthesized based on the dynamic model presented in
Section input-output linearization, and Lyapunov-based
stability analysis.

A. Trajectory Tracking Errors

Leth.(q): Q — Q. C R™ denote the variables of interest to
be controlled, which include: a) the robot’s global position,
represented by the floating-base position, (x;,y5,25); b) the
floating-base roll angle, ¢, and pitch angle, 6; c) the swing-
foot position and orientation, denoted as py,(q) € R and
¥,.,(q) € R?, respectively; d) the upper-body joint angles,
Qupper € R™PPer (nypper = 12 for the NAO robot in Fig. [I).
Accordingly, he(q) is defined as:

T
hC(q) = [xhvyhvz/n(thehvpzw(q)/ygv‘v(q)qupper] :

Leth,(z,0(q)) : RT x R — R™ denote the desired position
trajectories of h.(q), which are encoded by time ¢ and
a configuration-based variable 6 : Q — R that increases



monotonically within a step and represents how far a step
has progressed. The desired global path on the walking
surface, denoted as I'y, is chosen as a straight-line path in
this study. For simplicity and without loss of generality, I'y
is specified as the Xy-axis of the world coordinate frame
Sy iz -6 T = {(Xw,Yw) € R? : Yiy = 0}. The desired
position trajectory along I'y is denoted as x,(f), which is
an explicit function of time ¢. In previous work under the
HZD framework [20], the desired trajectories are typically
designed as state-based alone instead of time-dependent.
Here, we define the desired global-position trajectory as
explicitly time-dependent because desired global-position
trajectories are often expressed as time functions in practical
robotic applications.

With T; and x4(¢) defined, the desired trajectory
h,(¢,0(q)) is defined as

hy(1,0(q)) == [x4(t), 9" (6(q))]", (10)

where ¢ () : R — R™~! represents the desired trajectories of
Ybs Zbs Pbs Op, Psw, and ¥,,,. We can use Bézier polynomials
to parameterize the desired function ¢(0) as [20]

M!

M
o(s) ::k;)akmsk(l—s)%k, (11)

where s := % is the normalized 0, a; € R™ ! (k =
0,1,...,M) is a coefficient vector to be optimized in Sec-
tion 0~ and 6" denote the values of 0 right before and
after an impact associated with the desired gait, and M is
the order of the Bézier polynomials.

As the control objectives of this study is to track the
desired position trajectory x,(¢) while following the desired
path Ty, the desired trajectory of y; (i.e., the first element
of ¢(0)) will be planned as a trajectory that varies around
zero within a small bound. This desired trajectory design has
three advantages as compared with our previous study [17]
that focuses on driving yj, strictly to zero: a) The holonomic
constraint that requires a secured foot-ground contact can
be more easily met in motion planning, thus reducing the
computational load of planning; b) The resulting gait will be
more natural-looking; c) The robot will still be considered as
following a straight-line path by tracking a small-magnitude
sine-wave path about the straight line.

With the trajectory tracking errors compactly expressed as

h(tvq) = hc(q)_hd(tﬂe(q))ﬂ (12)

the control objective of this study becomes to drive h
exponentially to zero.

B. Impact Invariance Condition

Since bipedal walking is a hybrid dynamical process,
the desired trajectories h,(¢,q) should respect the reset
map in Eq. (9). To meet this requirement, a set of time-
dependent impact invariance conditions can be derived based
on previous state-based impact invariance construction [20].

Let Tx (K € Z*) denote the K" actual impact moment,
and let Ty denote the initial moment of a walking process.

Let ¢ denote the K™ desired impact moment assuming
y=0 and y =0 for all + > Tx_;. The time-dependent im-
pact invariance conditions can be mathematically expressed
as [17]:

he(q(75)) = ha (7, a(75));
he(q(7g), Ry(a(g ))a(te ) = hd(f,?,q(f;?),Rq(q(T;E)Q(TE)()l)é)
where 7; and 7 denote the moments right before and after
Tk, respectively.

C. Model-based State Feedback Control

To simplify the nonlinear continuous-phase dynamics of
bipedal robotic walking, input-output linearization is utilized
to synthesize a feedback controller that realizes exponential
tracking of the desired trajectories.

The output functions are defined as the trajectory tracking
errors:

y=h(t,q). (14)

With the following input-output linearizing control law [21]
1pn— 1= 2 .y s
u= (M 'B) (M et v— G2 — (), (15)

the continuous-phase dynamics in Eq. @) become y = v. By
choosing

vV=- [)y - KdY7
where K, € R™" and K; € R" " are positive definite
diagonal matrices, one has § = —K;y —K,y.

Although the proposed control law in Eq. (I3) can stabi-
lize the continuous-phase dynamics with properly chosen K,
and K, the reset map in Eq. (9) remains uncontrolled. Thus,
the closed-loop stability will be formally analyzed next.

D. Closed-Loop Stability Analysis

The stability analysis of the hybrid, nonlinear, time-
varying closed-loop system will be discussed as an extension
of our previous work [17] in this subsection.

From the dynamic model presented in Section [[I} and the
proposed control law in Eq. (I3)), the closed-loop dynamics
can be compactly written as:

X =AXx:= {Omxm

xT =A(t,x7)

I'"Xm]x if (t,x )¢S

-Ky (16)

where x:= [y’ y7] T'e X CR?™,0,,.,, and I, are mx m
zero and identity matrices, respectively, and the expressions
of S:R* x X - R? ! and A:RT x X — X can be readily
obtained from Eqs. (8), (9), and (T4). Note that the reset map
and the switching surface are both explicitly time-dependent
due to the explicit time dependence of y.

For notational simplicity, (7,_,) :=«|,_; and x(T;" ) :=
*\kt] will be used in the following stability analysis. Due to
space limitations, a sketch of the analysis will be presented.

According to Lyapunov-based stability analysis of hybrid
systems [22], the hybrid time-varying system in Eq.
is locally exponentially stable if there exists a Lyapunov



function candidate V(x) and a positive number r such that
for any x(7p) € B,(0) :={x e X : |[x|| < r}:

(A) V(x) exponentially decreases during each continuous
phase;
B) {V|{.V|3,V|i...} is a strictly decreasing sequence.

The condition (A) can be met by properly selecting the
control gains K, and K; in Eq. (I6). Specifically, if the
control gains are chosen such that the matrix A in Eq. (16)
is Hurwitz, then there exists a Lyapunov function candidate
V(x) and positive numbers ¢, ¢3, and ¢3 such that

cilx|* < V(x) < cax]|?

and
V(x) < —c3V(x)

hold for all x € X during the continuous phase of
the K step, VK € Z* [21]. Then, one has Vig <
e—C3(TK+1—TK>V|I_1.

Before analyzing the convergence of {V|,V|;,V[{...},
we first analyze the reset map in Eq. (I6). From Eq. (16),
one has

Ixl [ =lAT %)l
<[|A(Tx ) — Altg ,x[i) |
+l1A(Tg x| ) — Al , 0)]

+1A(Tg, 0)]]-

Suppose that the desired trajectories h,(#,0(q)) provided
by a high-level planner is continuously differentiable in ¢.
Then, the reset map A is continuously differentiable in ¢.
It can also be proved that A is continuously differentiable
in x. Thus, there exists a positive number r; and Lipschitz
constants L, and La, such that [15]

a7

AT, x[x) — Al X[ )| < L[| Te—wl| - (18)
and
[A(Tx x| ) — A(Tg , 0)[| < La, [Ix[x || (19)

hold for any x(7p) € B, (0).

Based on our previous study [15], it can be proved that
there exists a positive number r, and a Lipschitz constant
Lz such that

|Tx — x| < Ly |IX(tx: Ty x5 )| (20)

for any x(7p) € B, (0). Here, X(t;19, A9) represents a solution
of X = AX with the initial condition X(t9) = Ao, V¢ > 1.

If the desired trajectories satisfy the impact invariance
condition in Eq. (I3), then [|A(1f,0)| = 0 always holds,
which will greatly simplify the stability analysis as follows.

Equations - (20) indicate that there exists a positive
number L, such that

%Il < La(ll%(eks Ty X[l + [x[g D, @D

where, from the above analysis, one has

_ €2 — B (Tx—Tg
Il < (/e = T )

and

X - € — 3 (y—Tk_
||x(rK;T;_17x|K1)g\[1e BT s |

Hence, the equations above yield
3 €3

I < Lay/2e 3 D12 W .
(22)
Equation (22) shows that the convergence rate of the
sequence {x|{,x|7,...} is 2% which is determined by the
control gains in Eq. (T6). Hence, {V|{,V[3,V|7...} will be
a strictly decreasing sequence if the control gains are chosen

such that the convergence rate 2% is sufficiently large.

In summary, the closed-loop hybrid system is locally
exponentially stable if the control gains in Eq. are
chosen such that the matrix A in Eq. (T6) is Hurwitz and that

the continuous-phase convergence rate is sufficiently high.

IV. SIMULATIONS

This section presents the MATLAB [23] and Webots [24]
simulation results on a NAO bipedal humanoid robot to
demonstrate the effectiveness of the proposed control strat-
egy in realizing exponential global-position tracking as well
as to provide preliminary insights into hardware implemen-
tation.

A. Trajectory Generation

In both simulations and experiments, the same desired
trajectories h;(¢,0(q)) will be used for convenience of
comparison. The desired walking path I'; and the desired
position trajectory x,4(z) along the path are assumed to be
provided by a high-level task planner because they both
define critical desired behaviors of a bipedal robot when
performing high-level tasks. Without loss of generality, the
desired straight-line path is chosen as the Xy-axis of the
world coordinate frame, and the desired position trajectory
along T'y is chosen as x4(¢) = 0.04t — 0.01 (m).

The desired Beziér polynomials ¢ (6) are planned through
optimization-based motion planning. The Beziér polynomi-
als are chosen as 6'"-order (i.e., M = 6), and their coefficients
o, (k=0,1,....M) are optimized to satisfy the following
constraints: a) Impact invariance conditions in Eq. (T3); b)
Joint position and velocity limits; ¢) Holonomic constraints
in Eq. (3); d) Desired gait properties (e.g., step length and
maximum swing-foot elevation).

B. MATLAB Simulations

In MATLAB simulations, the proposed time-dependent
input-output linearizing control strategy in Eq. (I3) is imple-
mented using the hybrid dynamic model presented in Sec-
tion The control gains are set as K, = K,L,xm (K, = 484)
and K; = KyL,«m (Kg = 44). This choice of control gains
will guarantee the stability of the linearized continuous-
phase dynamics in Eq. (16).

Figure [2| shows the global-position tracking results, which
indicate that the simulated NAO robot exponentially con-
verges to the desired global path I'; and the desired position



trajectory x,(¢) along the path despite the large initial
tracking error.
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Fig. 2. Global-position tracking results in MATLAB and Webots
simulations. The initial global-position tracking error is set as X, (0) —
x4(0) = xp,,(0) —x4(0) = —1 cm, which is approximately % of the step
length. (a) Tracking results of x,;(z). xp,(f) and xp,(f) are the actual
global-position trajectories along I'; obtained in MATLAB and Webots
simulations, respectively. Both of them demonstrate satisfactory tracking of
the desired trajectory x, (7). (b) Tracking results of I'y. left foot (M) and right
foot (M) are the actual support-foot placements in MATLAB simulations,
and left foot (W) and right foot (W) are those in Webots simulations. Both
of them indicate satisfactory tracking of the desired path I'y, which is the
Xw-axis of the world coordinate frame.

C. Webots Simulations

Webots is a robot simulator that allows accurate simu-
lation of dynamical, physical, and graphical properties of
rigid-body objects. In this study, Webots simulations are
conducted to help us gain preliminary insights into hardware
implementation on the NAO robot.

The NAO robot has a major hardware limitation, that is,
the robot does not allow users to send torque commands to
joint actuators. Since the control input u in Eq. (13) is a
torque signal, this limitation prevents the direct implemen-
tation of the proposed control law in Eq. (T3).

To enable reliable global-position tracking for the NAO
robot despite this hardware limitation, we adapt the proposed
walking control strategy for the NAO robot and use Webots
simulations to evaluate the adapted strategy on a robot
model that emulates the NAO robot including its hardware
limitation in actuator accessibility.

The proposed controller adaptation for the time step ¢ is
described as follows:

« At the time step 7, the phase variable 0 :=x, (1) — xy is
computed based on x,(¢) and the current support-foot
position along the Xy -axis, denoted as xg;

o The individual joint position qu(#) is computed by
solving he(qa(1)) — hy(t, 8) = 0;

e qq(t) is then fed into NAO’s joint controller in Webots,
which emulates the actual robot’s default controller and
drives the current configuration to the desired one.

To avoid drastic initial motion of the robot under large initial
tracking errors, it has been found that 6 can be replaced

by 6y :=x4(t) —xy in the above algorithm until the robot
converges sufficiently close to the desired trajectories.

Figure [2 shows the global-trajectory tracking performance
in Webots simulations together with that in MATLAB sim-
ulations. One can notice that the green line (xp,, MAT-
LAB) exponentially converges to the desired trajectory x; ()
and that the blue line (xp,, Webots) converges to a small
neighborhood around x;(¢). This discrepancy in tracking
performance is primarily due to: a) The impact models in
Webots and MATLAB are different; b) The implemented
controllers are different. However, the satisfactory tracking
results in Webots indicate the effectiveness of the proposed
controller adaptation strategy in the presence of a NAO
robot’s hardware limitations.

V. EXPERIMENTS

In this section, we will present the experimental set-
up, hardware implementation details, and the experimental
results.

The experimental set-up for testing the global-position
tracking performance of the proposed walking strategy is
shown in Fig. 3] With this experimental set-up, the robot’s
general coordinates q in Eq. (I)) can be readily obtained for
controller implementation.

Fig. 3. Experimental set-up for testing the global-position tracking
performance on the NAO bipedal robot. The labels refer to: (1) A Logitech
4K PRO WEBCAM. (2) The world coordinate frame. (3) The reference
points for perspective transformation. (4) AprilTag attached on the NAO’s
feet, which is utilized to determine the robot’s floating-base position, pj, in
the world coordinate frame. (5) A NAO robot. (6) The desired global path.

Due to the NAO robot’s limited actuator accessibility, it
is necessary to adapt the proposed walking control strategy
in Eq. (T5) for hardware implementation. Since the control
strategy adapted for Webots simulations can realize satisfac-
tory global-position tracking on a robot model that emulates
a NAO robot including its hardware limitation, it will be
experimentally implemented.

Experimental results are illustrated in Fig. ] It clearly
shows that the proposed control strategy drives the robot’s
global position to reliably track both the desired position
trajectory x4(t) and the desired global-path T',.



Figures [2] and [4] also demonstrate that steady-state track-
ing accuracy is guaranteed even across rigid-body land-
ing impacts in both simulations and experiments. This is
because the impact invariance conditions are incorporated
into motion planning such that the desired trajectory hy,
respects the impact dynamics as explained in Section [[V7]
[Al Accordingly, the corresponding joint position g, which
is used as the desired joint position in Webots simulations
and experiments, will also agree with the impact dynamics.
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Fig. 4. Experimental results of global-position tracking with the proposed
walking control Strategy. The initial global-position tracking error is set as
x(0) —x4(0) = —1 cm, which is approximately % of the step length. (a)
Results of tracking x4(¢). As clearly shown in the plot, the proposed walking
control strategy guarantees accurate tracking of the desired trajectory x (7).
(b) Results of tracking I'y. The results demonstrate that the proposed
walking control strategy guarantees accurate tracking of the desired global
path I'y.

VI. CONCLUSIONS

In this paper, we have theoretically synthesized a time-
dependent global-position tracking controller for 3-D fully
actuated bipedal robotic walking and experimentally vali-
dated it on a NAO bipedal humanoid robot. The proposed
controller was theoretically established through full-order
dynamic modeling, model-based state feedback control, and
Lyapunov-based stability analysis, which can achieve reli-
able global-position tracking for enhancing walking versa-
tility. Due to limited actuator accessibility of the NAO robot,
necessary adaptation of the proposed walking controller
was made for hardware implementation. Both simulation
and experimental results validated the effectiveness of the
proposed walking strategy. The results of this paper can be
used to guide hardware implementation of global-position
tracking control on legged robots with the common hardware
limitation of actuator accessibility, thus helping to bridge the
gap between theory and experiment.
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