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Abstract

Legged robots move around by using their legs to make and break contact with the ground.
Thanks to this unique form of locomotion, legged robots have the great potential to navigate
over dif�cult terrains and assist humans in performing demanding tasks in hazardous
environments. However, the existing approaches of dynamic modeling, motion planning,
and control design do not explicitly address the challenges of legged locomotion on dynamic
rigid surfaces (i.e., rigid surfaces that move in the inertial frame). This dissertation aims
to bridge the existing knowledge gaps in the modeling, planning, and control of legged
robot locomotion on dynamic rigid surfaces (DRS). To achieve the overarching goal, this
dissertation comprises the following three main studies.

The �rst study derives a full-order dynamic model of legged walking on DRS, proposes
a provably stabilizing controller, and validates the modeling and control framework in
simulations and hardware experiments. The control approach is synthesized based on the
formulation of the full-order robot model as a hybrid, time-varying system. The stability
analysis of the closed-loop control system is performed through the construction of multi-
ple Lyapunov functions. The validation results in simulations and hardware experiments
con�rm the effectiveness of the proposed control approach in guaranteeing the stability and
robustness of a quadrupedal robot walking on DRS with known periodic motions. Still, this
study relies on computationally expensive of�ine trajectory planning, which is unsuitable
for real-world applications where frequent replanning is typically demanded to ensure lo-
comotion robustness under uncertainties. To that end, the subsequent contributions aim to
realize ef�cient trajectory planning for real-time applications.

The second study derives a reduced-order dynamic model of legged walking on DRS
and introduces an approximate analytical solution to the model under vertical sinusoidal
DRS motion (e.g., ship motion in regular sea waves). Furthermore, the study designs
a hierarchical planner that exploits the proposed analytical solution to enable real-time,
physically feasible motion generation for locomotion on DRS. The validation results support
the ef�ciency and accuracy of the proposed solution in simulations, as well as the ef�ciency
and physical feasibility of the proposed planner through 3-D realistic simulations and
hardware experiments. Yet, this framework only solves the real-time locomotion planning
problem for DRS with sinusoidal vertical movements, which may not be suitable for DRS
with general motions. To overcome this limitation, the last focus of this dissertation research
is on legged locomotion under unknown general (periodic or aperiodic) vertical DRS
movements.

The �nal study of this dissertation presents a hierarchical control framework to enable
robust legged locomotion on DRSes with general unknown vertical motions. The key
novelty of the framework lies in its higher layer, which is a discrete-time, robustly stabilizing
footstep controller. One basis of the footstep controller is a new hybrid, time-varying,
linear inverted pendulum (HT-LIP) model that is computationally ef�cient and accurately
captures the essential hybrid dynamics of DRS locomotion. Also, a new set of suf�cient
stability conditions is derived to directly guide the controller design for ensuring the robust
stability of the HT-LIP model under general, uncertain, vertical DRS motions. Further,
the footstep controller is cast as a quadratic program, integrating the proposed HT-LIP
model and essential stability conditions. The middle layer of the framework takes the
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desired footstep locations as input to produce kinematically feasible whole-body reference
trajectories, which are then accurately tracked by a lower-layer full-body torque controller.
Hardware experiments on a Unitree Go1 quadrupedal robot con�rm the robustness of
the proposed framework under various general vertical DRS motions and uncertainties
(e.g., slippery and uneven surfaces, external solid and liquid load, unknown sway motion,
and sudden pushes). The studies presented in this dissertation showcase the evolution of
research to solve the theoretical knowledge gaps and practical challenges in designing and
implementing a control framework that enables robust quadrupedal robot locomotion on
dynamic surfaces with unknown general vertical motion.
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Chapter 1

Introduction

1.1 Motivation

Legged robots are robots that move around by using their legs to make and break contact

with the ground. Because of this unique form of locomotion, legged robots could potentially

negotiate terrains that are prohibitively challenging for wheeled or tracked robots, such as

ladders, gaps, and stairs. For this reason, legged robots capable of robust locomotion in

complex environments could bene�t a wide range of critical applications such as �re�ghting,

emergency response [2, 3], maintenance [4, 5], and inspection [6, 7].

While dynamic modeling, motion planning, and control have been extensively studied

for legged locomotion on stationary surfaces [8, 9, 10, 11], locomotion on a rigid surface

that moves in the inertial frame, which we call a “dynamic rigid surfaces (DRS),” remains

a new legged robot functionality that has not been fully solved. Real-world examples of

DRS include ships, oil platforms, public transportation vehicles, trains, and aircraft. Legged

robots that can reliably move on such surfaces could be used to assist humans in performing

challenging and dangerous missions such as maintenance and service operations on vessels,

�re�ghting and �re suppression on ships and oil platforms [12, 13, 14], and safety and

surveillance tasks on moving public transit vehicles [15, 16, 17].

However, modeling, planning, and control for legged locomotion on DRS are funda-

mentally challenging due to (a) high-dimensional, hybrid, and nonlinear walking dynam-

ics [18, 19] and (b) time-varying unknown movement of the robot's contact points on the
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surface [20].

Towards solving this fundamental challenge for achieving reliable legged locomotion

performance on DRS, this dissertation draws upon dynamic modeling, nonlinear control

theory, theory of hybrid systems, and optimization to create new methods of dynamic

modeling, motion planning, and control design for DRS locomotion. Furthermore, this

dissertation extensively validates the proposed methods in hardware experiments.

1.2 Literature Review and Knowledge Gaps

Enabling reliable legged locomotion on DRS requires appropriate methods of dynamic

modeling, motion planning, and controller design. To that end, this chapter brie�y reviews

existing modeling, planning, and control approaches to legged robot locomotion on sta-

tionary surfaces and summarizes the associated knowledge gaps for enabling reliable DRS

locomotion.

1.2.1 Dynamic Modeling

This section presents various existing dynamic models of legged locomotion on static sur-

faces that have been utilized to develop model-based robot planners and controllers. A model

is a simpli�ed representation of a real-world system expressed by mathematical equations.

In legged robotics, models are utilized to describe or predict system behaviors, develop

planning and control algorithms, and analyze stability and safety. A full-order model is a

detailed model of a legged robot's kinematics and dynamics and is often computationally

expensive and unsuitable for real-time planning and control. In contrast, reduced-order

models are simpli�ed models of the system with reduced degrees of freedom. Although

reduced-order models are generally less accurate than full-order models, the low dimension-

ality of reduced-order models makes them more computationally ef�cient than full-order

models and thus more suitable for real-time planning and control.

In purely mathematical terms, the dynamic model of legged locomotion during continu-

ous phases (when the swing foot moves in the air) is described as the following nonlinear
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dynamical process with statex and inputu:

�x(t) = f (x(t);u(t)) : (1.1)

The model in(1.1)predicts the evolution of statex in response to the inputu. This general

mathematical representation can be used as the basis for all the models discussed in the

following subsections.

(1) Linear Inverted Pendulum Model

A widely used reduced-order model of legged robot locomotion is the classical three-

dimensional (3D) inverted pendulum model illustrated in Fig. 1-1.

The model represents the dynamics of a point mass atop a massless leg and can be

transformed into a 3D linear inverted pendulum (LIP) model [21] under the following

assumptions:

(A1) The point mass of the LIP maintains a constant vertical height with respect to the

support point of the LIP.

(A2) The centroidal angular momentum of the robot is negligible (or the angular velocity

and angular accelerations are negligibly small).

(A3) The walking surface is rigid and �at (i.e., all the successive steps of the robot are at

constant height).

Under assumptions (A1)-(A3), the LIP dynamics become:

ẍ =
g
z0

x and ÿ =
g
z0

y; (1.2)

wherex- andy- are the horizontal coordinates of the center of mass (CoM) with respect

to the support pointS, g is the magnitude of the acceleration due to gravity, andz0 is the

vertical (aligned with gravity vector) height between the support point and the CoM. This

linear model is an approximate representation of legged robot dynamics on static surfaces.
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Figure 1-1: LIP model on a rigid surface.

The LIP model has been extensively used for walking pattern generation and control

design of legged robots such as bipeds [21, 10, 22] and quadrupeds [23, 24]. Due to the

simplicity of the LIP, it has been used as a basis to form balance [10] and stability [25]

criteria, and its inherent connection with another widely studied reduced-order model,

hybrid zero dynamics [26], has recently been analyzed [27]. Moreover, the simplicity of

the model helps in elegantly de�ning key concepts of walking dynamics, e.g., capture point

[25], capturability [28, 29], the divergent component of motion (DCM) [30], etc. These

de�nitions are exploited for motion panning of the actual robot. The LIP model has been

extended to more complex scenarios by considering a varying CoM height [31], CoM

movement on a 3-D plane [32], nontrivial centroidal angular momentum [25], hybrid robot

dynamics [33], and walking on DRS [34].

(2) Spring-Loaded Inverted Pendulum Model

The spring-loaded inverted pendulum (SLIP) model [35, 36, 37] is a classical reduced-

order model for bouncy-legged animal locomotion [38, 39]. The spring of the SLIP model

eliminates impulsive impact at touchdown and recycles kinetic energy during the stance

phase, which helps explain the ef�cient legged animal locomotion [35, 37]. The SLIP model

can also be used to explain insect locomotion dynamics [40, 41]. The running and hopping

models in the sagittal plane of locomotion on a rigid �at surface can be expressed based on
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Figure 1-2: SLIP model on a rigid surface.

a SLIP model [42, 43]. The SLIP dynamics are simpli�ed under the following assumption:

(A4) The spring leg of the SLIP model is massless.

During a �ight phase, the SLIP dynamics are only affected by gravity (see Fig. 1-2) and

under the assumption (A4), it is given as:

d2xs(t)
dt2

= 0 and
d2ys(t)

dt2
= � g ; (1.3)

wherexs andys represent thex- andy- positions of the SLIP center of mass, respectively,g

is the magnitude of gravitational acceleration, andvCoM in Fig. 1-2 shows the direction of

CoM velocity. The stance-phase dynamics of the SLIP are given by:

d2xs(t)
dt2

=
� Fx(t)

ms
and

d2ys(t)
dt2

= � g+
� Fy(t)

ms
; (1.4)

whereFx andFy are the components of spring force alongx andy direction of the world

frame.

(3) Centroidal Dynamics Model

The centroidal dynamics model is simpli�ed under the following assumptions:

(A5) All the segments of the robot are rigid bodies.
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(A6) The contact surface is rigid.

Under the assumptions (A5) and (A6), the centroidal dynamics model expresses the

rate of change of momentum about a reference frame anchored at the centroid (i.e., current

CoM) in terms of all external forces as:

Aq̈+ �A �q =

2

4
mg+ å nc

c= 1 fc

å nc
c= 1(pc � r ) � fc

3

5 ; (1.5)

whereA 2 R6� n is the centroidal momentum matrix [44], m is the total mass of the robot,g

is the gravitational vector,n is the number of generalized coordinates,fc is the contact force

at contact pointc, nc is the number of contact points,r is the position vector of the current

CoM with respect to a world frame, andpc is the position vector of contact points with

respect to a world frame.q; �q; andq̈ are the generalized position, velocity, and acceleration

of the robot, respectively.

The centroidal dynamics model is a more general and reliable description of the robot

dynamics compared to the LIP as it accounts for orientation dynamics and does not constrain

the CoM position trajectory. However, the accuracy comes at a cost, as the centroidal

dynamics model can be nonlinear and computationally expensive [44]. This model has been

used for locomotion planning and control of bipeds [45, 46] and quadrupeds [47, 48].

For high-dimensional robots, the planning and control based on the complete centroidal

dynamics model are slower than the LIP model [49], which may make this model unsuitable

for a dynamic real-world application with limited computing capacity. This is because

the model transfers the momentum contribution of each rigid body of the robots to the

centroid, which is computationally expensive. The reduced-order model introduced next is a

simpli�cation of the centroidal dynamics model and has been widely used for quadrupedal

planning and control.

(4) Single Rigid Body Dynamics Model

The single rigid body dynamics (SRBD) model is a simpli�cation of the centroidal dynamics

model as it assumes that the centroidal momentum contributions of joint velocity are
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Figure 1-3: An illustration of the SRBD model of a quadrupedal robot.

negligible and the whole-body inertia of the robot remains similar to one of its nominal

con�gurations [50]. An illustration of the SRBD model is shown in Fig. 1-3. The simplifying

assumptions of the SRBD model are the following:

(A7) The centroidal momentum contributions of joint velocity are negligible.

(A8) The whole-body inertia of the robot remains similar to one of its nominal con�gura-

tions.

The SRBD model of a robot can be given as [51]:

2

4 å nc
c= 1 fc

å nc
c= 1(pc � r ) � fc

3

5 =

2

4
m(g+ r̈ )

Ig �www + www � Igwww

3

5 ; (1.6)

whereIg is the centroidal moment of inertia of the robot,m is the total mass of the robot,

g is the gravitational vector,fc is the contact force at contact pointc, nc is the number of

contact points,r is the position vector of current CoM with respect to a world frame,pc is

the position vector of contact points with respect to the world frame, and�www is the vector of

the angular acceleration of the base.

Such a model is low-dimensional and more accurate than the LIP model. A quadruped
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Figure 1-4: Full-order quadrupedal robot model.

with lighter limbs and a heavier trunk tends to faithfully satisfy assumptions (A7) and (A8).

Thus, many quadrupeds modeled as SRBD show impressive real-world performance in

static, �at, or uneven terrain [1, 51].

(5) Full-Order Dynamic Model

Full-order models are a detailed representation of a legged robot's kinematics and dynamics.

As many of today's legged robots are made of highly stiff links, their full-order models

typically assume that all the links of a multi-body robot are rigid, as outlined in the as-

sumption (A5). An illustration of a full-order quadrupedal model is shown in Fig. 1-4. The

continuous-time equation of motion of such a model is derived using Lagrange's method

[52, 20]. The unconstrained full-order robot dynamics can be given as:

M(q)q̈+ C(q; �q) := Bu+ JT
c Fc; (1.7)

whereM(q) : Q ! R(n+ 6)� (n+ 6) is the inertia matrix,C(q; �q) : T Q ! R(n+ 6)� 1 represents

the sum of Coriolis, centrifugal, and gravitational terms,B 2 R(n+ 6)� m is the actuator

selection matrix,Fc 2 Rnct is the generalized external force acting at the contact points
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between the robot and its environment, andJc(q) is the Jacobian of contact points. Here,Q

is the con�guration space andT Q is the tangent bundle ofQ.

For locomotion on stationary rigid surfaces, the contact constraints enforce the no-

slip condition between the contact points of the robot and the surface by the holonomic

constraints expressed as:

Jcq̈ + �Jc �q = 0: (1.8)

Discrete impact dynamics: During a swing-foot landing event, an impact between

the foot and the ground leads to an instantaneous jump in velocity�q. The positionq stays

continuous due to the instantaneous nature of the jump event. By integrating the dynamics

(1.7) and constraints (1.8) across the impact event, we get:

M( �q+ � �q� ) = JT
c dFc andJc �q+ = 0; (1.9)

where?� and?+ represent the values of? right before and after the impact, respectively,

dFc is the impulsive impact force. Rearranging the above equation gives:

2

4
�q+

dFc

3

5 =

2

4
M(q) � JT

c (q)

Jc(q) 0nct� nct

3

5

� 12

4
M(q) �q�

0

3

5 ; (1.10)

where0nct� nct is anct � nct zero matrix. Equation (1.10) can then be used to obtain the jump

in the generalized velocities as:

�q+ := R(q) �q� : (1.11)

whereR : R+ � Q ! R(n+ 6)� (n+ 6). The (continuous-time and hybrid) full-order rigid

body dynamic model has been widely utilized for planning and control of legged robots

[53, 54, 20, 23, 55, 56, 57] and manipulators [58, 59, 60]. As reviewed earlier, full-order

robot models provide an accurate representation of a robotic system's behavior by capturing

all degrees of freedom. However, their high computational demands may limit their utility

for real-time planning in dynamic environments with varying parameters.
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(1) Knowledge Gap 1

Dynamic modeling for legged locomotion on stationary surfaces has been well studied,

as reviewed earlier. However, these models may not be valid for describing the dynamics

of legged robot locomotion on a dynamically moving rigid surface, especially when the

surface motion is signi�cant. This is because these models all assume that the surface

is stationary. The existing robot dynamics models for locomotion on moving surfaces

(reviewed in Chapters 2.1.1, 3.1.1, and 4.1.1) do not explicitly consider surface motion

for DRS with large inertia or rigid actuation such as ships and aircraft. To date, dynamic

modeling of locomotion accounting for independent motion of the surface remains an open

question.

1.2.2 Trajectory Planning

Trajectory planners generate the desired robot motions that a controller should reliably track

[61, 62, 63, 23]. The trajectory planning problems of legged robots are complex partly due

to the robot's underactuated base (e.g., trunk), which cannot be directly affected by the

joint motors. Furthermore, the legged robot's dynamics are high-dimensional, hybrid, and

nonlinear, further compounding the planning challenges.

(1) Decoupled Planning Based on Reduce-Order Models

The base movement of a legged robot is directly dependent on the foot's or the end effector's

interaction with the environment. For this reason, traditionally, the planning problem of a

legged robot has been decoupled into footstep planning and base planning. In this existing

planning approach, the footstep location is computed �rst [64, 65, 66], and then the base

trajectories are generated based on the corresponding zero moment points [67, 68], capture

point [25, 69, 70], or divergent components of motion [30] of the robot. These planning

approaches are reviewed in Section 3.1.1 of Chapter 3. This approach of decoupled planning

is relatively fast as the base trajectory planning is based upon a reduced-order model such as

LIP [10].
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(2) Trajectory Optimization Based on Full-Order Models

The other important approach for gait or trajectory planning of legged robots uses the

full-order robot model [53, 71] and aims to optimize some of the performance metrics

(e.g., motor torque and cost of transport) while respecting all the feasibility constraints of

the robot. The general formulation for such a planning approach can be mathematically

described as:
min

aaa
h(aaa )

subject to feq(aaa ) = 0; gineq(aaa ) � 0;
(1.12)

whereaaa is the vector of optimization variables,h(aaa ) is the cost function that needs to be

minimized, and the vector functionsfeq and gineq are the sets of all equality and inequality

constraints, respectively. The constraints function ensures kinematics feasibility (e.g.,

joints limit), dynamic feasibility (e.g., actuator and velocity limits, friction cone, unilateral

constraint, and power limit), and stability of the generated trajectory. The cost function is set

up to optimize a desired performance metric (e.g., input torque or cost of transport). Such a

formulation for trajectory planning problems is also referred to as trajectory optimization

[72, 73].

(3) Trajectory Planning Based on Model Predictive Control

The trajectory planning problem can also be formulated as a model predictive control (MPC)

problem. The MPC-based planner generally shows more robust locomotion performance

[74, 75] compared to the conventional footstep planner or trajectory optimization due to its

capability of continuously adjusting the desired trajectories based on the current robot state.

The MPC-based planner can be used for reduced-order model-based footstep planning [76]

or full-order model-based trajectory planner [77, 78]. Depending on the constraints in the

MPC problem, the formulation can be a linear or nonlinear problem. A linear MPC problem

can be cast as a quadratic program, which can be solved much faster than a nonlinear MPC

[79]. Advances in MPC solution �nding algorithms allow speeding up nonlinear MPC for

planning and control applications [80].
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Knowledge Gap 2

Generating a feasible and optimal trajectory for a real-world scenario is still a challenge as

we often need to balance the trade-off between optimality and speed [81, 82, 83]. While

existing robot planners can achieve reasonable computational ef�ciency and feasibility for

stationary surface locomotion, it is still an open research problem to extend these methods

to dynamic surface locomotion due to the lack of suitable reduced-order robot models.

1.2.3 Controller Design

The top priority of controller design for legged robot locomotion is to ensure locomotion

stability. The stability of legged locomotion can be loosely de�ned as the robot's ability

to sustain locomotion without falling over to the ground. This loose de�nition has been

translated into various stability criteria to guide the design of legged robot controllers. The

following paragraphs brie�y summarize some of the most widely used stability criteria and

control methods for legged locomotion on static surfaces.

(1) Zero Moment Point

The zero moment point (ZMP) is a point on the ground where the in�uence of all the forces

acting on the robot can be replaced by a single force [84]. This criterion is widely used

for the balance and control of legged robots [67, 68, 85]. The ZMP-based controllers have

realized walking [86], running [87], and balancing [88] of legged robots. Controller design

based on the ZMP criteria often relies on a reduced-order model such as LIP [89, 86].

The ZMP controllers are versatile but typically require full actuation of the robot. The

full-actuation requirement is restrictive because underactuation will occur in the event of

foot slipping and rolling, and cannot be addressed by the ZMP controllers.

(2) Capture Point

The concept of the capture point has also been utilized for control design. At any instant,

a capture point is a point on the walking surface where the robot needs to instantaneously

step to in order to come to a complete stop [25]. Capture point trajectories are typically
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computed for a reduced-order LIP model of the robot [25, 90]. The capture point-based

controller design has been used for enabling the locomotion of legged robots on static �at

surfaces [25, 29] and uneven surfaces [91].

(3) Hybrid Zero Dynamics

The hybrid zero dynamics (HZD) approach is a popular framework utilized to design a

provably stable controller for the hybrid model of legged robot locomotion [92, 9, 20, 52,

18, 93, 54]. The distinct feature of the HZD framework lies in that it explicitly treats the

hybrid dynamics of legged robot locomotion based on nonlinear control theory and the

theory of hybrid dynamical systems. Legged locomotion dynamics are naturally hybrid,

involving discrete-time behaviors of foot landings and continuous-time motions of foot

swinging. By explicitly addressing the hybrid locomotion behaviors, the HZD framework

has realized remarkable locomotion performance for the periodic gait of fully actuated [94]

and underactuated [95, 96] robot locomotion on static surfaces.

(4) Whole-Body Controller

The whole-body control approach has been extensively utilized to coordinate the full-body

movements of a legged robot during the execution of multiple tasks [97, 98, 99]. Such a

control approach has been proven effective for real-world multi-task scenarios [99, 100, 101]

and robust locomotion on static uneven surfaces, stairs, rocks, and sand [102, 101].

(5) Learning-based Controller

Recently, learning-based control methods [103, 104, 105] have shown promise in achieving

remarkably robust locomotion on static and locally deformable surfaces under a broad

spectrum of unstructured real-world environments (e.g., sand, grass, hiking trails, and

creeks). A contact-adaptive learning-based controller policy for quadrupedal locomotion

[106] leads to ef�cient and robust walking on static surfaces. Integrating perception modal-

ities to learning [107] improves the terrain awareness of the learning-based control and

thus enhances locomotion robustness. However, the perturbations induced by DRS (e.g.,
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moving ships) act as persistent and continuous disturbances to legged locomotion, which are

fundamentally different from those induced by ground with a stationary base but uncertain

surface properties such as unevenness, compliance, and inclination.

Knowledge Gap 3

As reviewed earlier, various existing control frameworks have produced remarkably stable

legged locomotion on static surfaces. However, they may not sustain stable walking on DRS

because they are typically designed assuming that the surface is stationary. Both theoretical

and experimental investigations are needed to formulate a control framework that stabilizes

legged locomotion on DRS.

Performance Gap

Based on the literature review and the testing of state-of-the-art proprietary controller

developed for legged robots, we observe that the existing control framework design for static

surface locomotion does not perform reliably and can even fail to sustain walking when the

robot moves on DRS. For instance, the results of our tracking control simulations in Fig.

2-8 show that a controller designed for a static surface is unreliable in tracking the desired

trajectory on DRS and eventually the robot falls over. Therefore, a new control approach is

needed to provably attain reliable performance for legged locomotion on DRS.

1.3 Contributions and Impacts

This dissertation aims to achieve robust quadrupedal locomotion on vertically moving rigid

surfaces by creating new models, planners, and control algorithms. Speci�cally, the objective

of this dissertation is to address the identi�ed knowledge gaps pertaining to the advancement

of modeling, planning, and control frameworks for legged locomotion on DRS, as well

as to mitigate the observed performance limitations present in state-of-the-art proprietary

controllers when operating on DRS. The contributions of this dissertation are based on the

following articles [20, 34, 108, 109, 110].

The main contributions are:
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(a) Deriving a provably stabilizing controller for quadrupedal locomotion on DRS by

formulating the full-order robot model as a hybrid, time-varying system and analyzing

the closed-loop control system through the construction of multiple Lyapunov func-

tions [20]. This contribution uncovers the high complexity of the full-order models

of legged locomotion on DRS and introduces a provably stabilizing controller for

sustaining walking motion.

(b) Proposing reduced-order models and approximate analytical solutions of legged

walking under a vertical sinusoidal DRS motion and designing a hierarchical planner

based on the proposed analytical solutions for real-time motion planning [108]. This

effort reveals the essential dynamic behaviors of DRS locomotion and contributes to

solving the problem of online, physically feasible planning for locomotion on DRS

experiencing a vertical sinusoidal motion.

(c) Developing a robust control framework for legged locomotion on DRS under unknown

general vertical motion by establishing stability conditions for a hybrid time-varying

linear inverted pendulum (HT-LIP) model and utilizing it in the design of a robust

footstep controller through a quadratic program [109]. Validation experiments of

this framework demonstrate its effectiveness in addressing the challenges posed by

unknown surface motion and common external disturbances encountered in real-world

applications.

The above contributions address scienti�c knowledge gaps in the control of legged locomo-

tion on dynamically moving rigid surfaces and propose an effective solution to a practical

problem of legged robot deployment on rigid surfaces with dynamic motion, such as ships

and vessels that support the transport of 80% of the world trade volume [111]. The impacts

of this work are grouped into the following categories.

Theoretical or scienti�c impacts: This dissertation aims to solve the control problem

for quadrupedal locomotion on DRS by deriving new theorems and algorithms to �ll the

Knowledge Gaps 1-3 in the literature. The work in this dissertation has �lled the following

theoretical knowledge gaps.
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• Deriving nonlinear hybrid time-varying full-order dynamic model of legged locomo-

tion on DRS

• Proposing reduced-order and full-order dynamic models of legged locomotion over

rigid surfaces with general dynamic motion

• Developing physically feasible real-time trajectory planning methods for legged

locomotion on dynamic rigid surfaces

• Developing control frameworks that ensure provable stability and robust performance

under unknown general vertical surface motion and real-world uncertainties

• Deriving provable stability conditions of the overall full-order and reduced-order

time-varying models

The above contributions provide the basis for further development of modeling, analysis, and

control frameworks for legged locomotion on rigid surfaces with general dynamic motion.

Practical or engineering impacts on society:The dissertation research aims to solve real-

world legged robot deployment and performance concerns on rigid surfaces with dynamic

motion, e.g., ships. This problem is of practical value because more than 80% of the world

trade volume is through sea routes [111]. Existing literature does not explicitly address the

legged locomotion control problem for DRS such as vessels and aircraft. To that end, we

aim to develop new control frameworks that ensure provable locomotion performance on

DRS and validate the framework in hardware experiments.

Developing a control framework that ensures robust locomotion and provable perfor-

mance on such surfaces can lead to legged robot deployment on ships or any other DRS

for autonomous �re�ghting, inspection, services, search and rescue, and surveillance. The

experimental validations of the robust control framework, presented in Chapter 4 showcase

robust performance under unknown vertical surface motion, uncertain sway motion, and

various uncertainties (e.g., slippery and uneven surfaces, external solid and liquid load, and

sudden pushes) that a robot may encounter in real-world operation. These results enable the

application of the research in this dissertation to address high-value engineering challenges

associated with deploying legged robots for ship inspection, services, and maintenance.
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This dissertation has uncovered inconsistent and unstable performance of the proprietary

quadruped controllers on DRS, developed the world's �rst robust control framework, and

experimentally enabled the world's �rst robust quadrupedal walking on rigid surfaces with

unknown motions that emulate ships in sea waves.

The following is a brief outline of the subsequent chapters in this dissertation:

Chapter 2 reports the results corresponding to item (a) in the aforementioned contributions

list. The work has been published as a journal paper titled “Provably Stabilizing Controllers

for Quadrupedal Robot Locomotion on Dynamic Rigid Platforms [20].”

Chapter 3 presents the work associated with item (b) of the contributions. The results have

been published as a journal paper titled “Analytical Solution to a Time-Varying LIP Model

for Quadrupedal Walking on a Vertically Oscillating Surface [108].”

Chapter 4 describes the work associated with the item (c) of the contributions list. Part of the

results in this chapter is published as a peer-reviewed conference paper titled “ Asymptotic

Stabilization of Aperiodic Trajectories of a Hybrid-Linear Inverted Pendulum Walking on a

Vertically Moving Surface [109].”

Chapter 5 presents the conclusions, lessons learned, and future works for further enhancing

the impact of this dissertation.
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Chapter 2

Full-Order Modeling and Provably

Stabilizing Control Under Known

Periodic Surface Motions

This chapter presents the derivation of a nonlinear hybrid time-varying full-order dynamic

model and the design of a provably stabilizing controller for quadrupedal robot locomotion

on dynamic rigid surfaces (DRS) with known periodic motion. The contents of this chapter

have been published in the following peer-reviewed journal article.

• Iqbal, A., Gao, Y. and Gu, Y., 2020. Provably Stabilizing Controllers for Quadrupedal

Robot Locomotion on Dynamic Rigid Platforms.IEEE/ASME Transactions on Mecha-

tronics, 25(4), pp.2035-2044.

2.1 Introduction

Legged robots have the potential to assist human operators in critical real-world applications

such as emergency response and disaster relief [112, 113]. These applications may demand

the capabilities of a legged robot in reliably traversing platforms that exhibit dynamic

behaviors. Real-world examples of dynamic platforms include unstable buildings on disaster

sites, vessels, and aircraft.
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However, as reviewed in Chapter 1, dynamic modeling and controller design for

quadrupedal robot locomotion on dynamic platforms pose a challenging problem due to the

high complexity of the associated robot dynamics. Essentially, walking robot dynamics are

inherently hybrid involving complex discrete behaviors [114, 115, 116, 117, 118, 119, 120,

121, 122, 123] (i.e., uncontrolled sudden jumps in a robot's joint velocities when the swing

foot strikes the platform surface). Furthermore, the robot dynamics may become explicitly

time-varying when the robot moves on dynamic platforms.

This chapter reports our research that aims to �ll Knowledge Gaps 1 and 3 (reviewed

in Chapter 1). This work has been published in a journal article [20] entitled “Provably

Stabilizing Controllers for Quadrupedal Robot Walking on Dynamic Rigid Surfaces.”

2.1.1 Related Work

Previous research on control design for legged robot locomotion has been mainly focused

on static platforms, including �at and uneven terrains [10, 26, 124, 125, 126, 127, 128].

However, these approaches cannot reliably sustain stable legged locomotion on dynamic

platforms, as demonstrated by the simulation results in Fig. 2-8, because such approaches

do not explicitly account for the motion of the stance feet induced by the movement of the

platform surface.

Control design for legged locomotion on dynamic platforms is an active research topic.

Recently, locomotion on granular terrains, such as sand and gravels, has been increasingly

intensively studied [129, 130]. Granular terrains are considered dynamic platforms because

the contact surface between a robot's stance foot and the terrain is subject to constant, and

often signi�cant, movements. Based on the previous modeling result, control approaches

have been derived to enable impulsive robot hopping on granular terrains [131]. A stability

criterion for planar bipedal robot walking on a granular terrain has been developed based on

a general model of the leg-terrain interaction force [132], which can be used to guide the

controller design for locomotion stabilization on granular terrains.

Besides granular terrains, �oating-base platforms with a rigid surface, which are referred

to as dynamic rigid platforms in this chapter, form another class of dynamic platforms
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that commonly exist in real-world environments, such as airplanes, vessels, and ground

vehicles. Recently, control design for legged locomotion over dynamic rigid platforms has

been increasingly researched [133, 30]. However, these control approaches only address

the robot's continuous-phase dynamics but not the discrete foot-landing behaviors. The

resulting model discrepancy may deteriorate the control performance, particularly when the

landing impacts are signi�cant during dynamic walking [26].

In addition to the hybrid nature, robot dynamics associated with locomotion over dy-

namic rigid platforms are also time-varying, due to the time-varying movement of the

foot-platform contact points induced by the platform motion. To date, control design that ex-

plicitly addresses such hybrid, time-varying behaviors remains unsolved and underexplored.

Motivated by the current research needs, the objective of this chapter is to derive a

control approach that provably realizes stable quadrupedal robot locomotion on dynamic

rigid platforms by explicitly addressing the associated hybrid, time-varying robot dynamics.

We have previously introduced a model-based controller design for hybrid systems with

state-triggered jumps that include legged robots walking on static platforms [54, 134]. The

controller explicitly addresses the robot's hybrid dynamics associated with static-terrain

walking. Yet, the previous control approach is not directly applicable to legged locomotion

on a dynamic platform, because it does not consider the time-varying global movement of

the platform-robot contact points induced by the platform motion.

2.1.2 Contributions

The main contribution of this chapter is the derivation of a control approach that provably

achieves stable quadrupedal robot locomotion on dynamic rigid platforms by explicitly

addressing the associated hybrid, time-varying walking dynamics.

As the initial step of our ongoing research on dynamic-platform locomotion, this research

focuses on tackling the controller design challenge and assumes that the platform motion

has been sensed or estimated. The speci�c contributions of this chapter include:

(a) Formulating the model of a quadrupedal robot that walks on a dynamic rigid surface

as a hybrid, time-varying system with state-triggered jumps.
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(b) Extending our previous model-based control approach for static-terrain walking with

the proposed system model to provably stabilize the hybrid, time-varying control

system for realizing stable locomotion on dynamic rigid platforms.

(c) Demonstrating through simulations that control laws synthesized for static-terrain

walking may not guarantee stable locomotion on dynamic platforms.

(d) Validating the effectiveness of the proposed control approach in guaranteeing the

stability and robustness of locomotion on dynamic rigid platforms, both through

simulations and experimentally on a physical quadrupedal robot.

2.2 Full-Order Modeling of Hybrid Time-Varying Walking

Dynamics

This section introduces the modeling of the hybrid, time-varying dynamics of a quadrupedal

robot that walks on a dynamic rigid platform. The model serves as a basis for the proposed

controller design.

Quadrupedal robot walking naturally involves hybrid dynamic behaviors. A complete

quadrupedal walking cycle can be decomposed into four continuous phases connected by

four discrete events, as illustrated in Fig. 2-1. When the swing leg moves in the air, the

robot dynamics are continuous. When the swing leg strikes the walking surface, a foot-

landing impact occurs and causes a sudden jump in the robot's joint velocities [26], which is

sometimes referred to as a state-triggered jump.

Let q be the generalized coordinates of the robot, which is de�ned as:

q :=
h
pT

b ; gggT
b ; q1; q2; :::; qn

i T
2 Q ; (2.1)

wherepb := [ xb;yb;zb]T is the vector of a robot's �oating-base position with respect to the

world coordinate frame,gggb := [ f b;qb;y b]T is the vector of the �oating-base roll, pitch, and

yaw angles with respect to the world coordinate frame,
h
q1 q2 ::: qn

i T
is the vector of the

robot's joint angles, andQ � Rn+ 6 is the con�guration space of the robot.
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Figure 2-1: Illustration of a complete quadrupedal walking cycle. Swing and stance legs are
marked with arrows and circles, respectively.

Let u 2 U � Rm be a vector of the robot's joint torques, whereU is the set of admissible

joint torques.

The degree of underactuation (DOU) of a walking quadrupedal robot can be computed

as [135]:

DOU = n+ 6� (nct � nci) � m; (2.2)

wherenct is the number of all holonomic constraints andnci is the number of internal

constraints.

During three-dimensional (3-D) quadrupedal walking,nct = 9 andnci = 3. Suppose that

all of the robot's joints are independently actuated. Then,DOU = 0. Thus, the robot is fully

actuated, and all of its degrees of freedom (DOFs) can be directly commanded. The DOF

can be calculated as:

DOF= n+ 6� nct: (2.3)

The class of dynamic platforms considered in this chapter are dynamic platforms with rigid

surfaces, such as vessels, airplanes, and ground vehicles. As platform dynamics may be
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unknown or dif�cult to estimate during real-world robot operations, the motion of a platform

instead of its dynamics is considered in the derivation of the robot's dynamic model.

Modeling of the robot dynamics during a continuous phase and under a foot-landing

impact is introduced next along with a mathematical de�nition of the impact event.

2.2.1 Continuous-Phase Dynamics

During a continuous phase of quadrupedal robot walking, three of the four legs contact the

platform surface at their far ends (i.e., stance feet). Letpc(q) 2 Rnct be the position vector

of the three stance feet in the world coordinate frame. When the stance feet do not slip on

the platform surface, the associated holonomic constraints can be expressed as:

Jcq̈ + �Jc �q = Ap(t); (2.4)

whereJc(q) := ¶pc
¶q (q). Note that the expressions ofJc during different continuous phases

within a complete walking cycle are different because the stance feet are different. The

variableAp 2 Rnct is the vector of the platform accelerations at the contact points, which is

explicitly time-dependent when the platform is dynamic.

With Lagrange's method, the continuous-phase dynamics of a quadrupedal robot that

walks on a dynamic platform can be obtained as:

M(q)q̈+ C(q; �q) = Bu+ JT
c Fc; (2.5)

whereM(q) : Q ! R(n+ 6)� (n+ 6) is the inertia matrix,C(q; �q) : T Q ! R(n+ 6)� 1 represents

the sum of Coriolis, centrifugal, and gravitational terms,B 2 R(n+ 6)� m is the actuator

selection matrix, andFc 2 Rnct is the generalized external force induced by the contact

between the robot's stance feet and the platform surface. Here,T Q is the tangent bundleof

Q.

From Eqs. (2.4) and (2.5),Fc can be obtained as:

Fc = � (JcM � 1JT
c )� 1(JcM � 1(Bu � C)+ �Jc �q � Ap(t)) : (2.6)
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Substituting Eq. (2.6) into Eq. (2.5) yields:

M(q)q̈+ C̄(t;q; �q) = B̄(q)u; (2.7)

where

C̄ := C � JT
c (JcM � 1JT

c )� 1(JcM � 1C� �Jc �q+ Ap(t))

and

B̄ := B � JT
c (JcM � 1JT

c )� 1(JcM � 1B):

Note thatC̄ is explicitly time-dependent during dynamic-platform walking becauseAp is

explicitly time-dependent.

2.2.2 Switching Surface

When a swing foot strikes the platform surface, an impact occurs, causing a sudden jump in

the generalized velocities�q. Thus, the foot-landing event connects a discrete impact and a

continuous phase, which can be mathematically de�ned as the following switching surface

Sq:

Sq := f (t;q; �q) 2 R+ � T Q : dsw(t;q) = 0;

�dsw(t;q; �q) < 0g;
(2.8)

wheredsw : R+ �Q ! R can be chosen as the shortest distance between the swing foot and

the platform surface.

2.2.3 Discrete Impact Dynamics

Upon a swing-foot landing event, an impact occurs between the foot and the platform surface.

Due to the instantaneous nature of the impact, the value ofq remains continuous under an

impact. However, the value of�q jumps.

Under an impulsive impact, the continuous dynamics in Eq. (2.5) and the holonomic
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constraint in Eq. (2.4) become:

M( �q+ � �q� ) = JT
c dFc andJc �q+ = V+

p ; (2.9)

where?� and?+ represent the values of? right before and after the impact, respectively,

dFc is the impulsive impact force, andVp is the vector of the platform velocities at the

three contact points. The value ofVp also jumps because the platform velocities at the

new foot-contact points right after the impact are not necessarily the same as the platform

velocities at the previous foot-contact points right before the impact.

Rearranging the above equation gives:

2

4
�q+

dFc

3

5 =

2

4
M(q) � JT

c (q)

Jc(q) 0nct� nct

3

5

� 12

4
M(q) �q�

V+
p

3

5 ; (2.10)

where0nct� nct is anct � nct zero matrix. Equation (2.10) can then be used to obtain the jump

in the generalized velocities as:

�q+ := R(t;q) �q� : (2.11)

whereR : R+ � Q ! R(n+ 6)� (n+ 6). Note that the expression ofR is explicitly time-

dependent becauseR contains the explicitly time-dependent functionVp. Also, the expres-

sions ofR during different continuous phases within a complete walking cycle are different

because the expressions of the corresponding Jacobian matricesJc are different.

The model derived in this section clearly shows that the dynamics of a robot that walks

on a dynamic platform are hybrid, time-varying, and involve state-triggered jumps that

cannot be directly controlled due to their in�nitesimally short periods of duration.

2.3 Model-Based Feedback Control During Continuous

Phases

This section introduces a continuous-phase control law that provably stabilizes continuous-

phase quadrupedal walking over dynamic rigid platforms. To guarantee that the control
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law also provably stabilizes the overall hybrid walking process, a Lyapunov-based stability

analysis is performed as explained in Section 2.4.

2.3.1 Continuous Model-Based Control

In this work, stable walking over dynamic platforms is achieved through the provable

stabilization of the hybrid, time-varying control system.

Let h(q) andhd(t;q) be the control variables and their reference trajectories, respectively.

Suppose that all of the robot's joints are independently actuated, i.e.,m= n, and thathd(t;q)

is smooth int within each continuous domain. Then, by Eq.(2.2), the robot is fully actuated.

Thus, the number of control variables can be chosen as the same as the robot's DOF. From

Eq. (2.3), we haveh 2 Rn+ 6� nct .

The trajectory tracking error can be de�ned as:

eeeh(t;q) := h(q) � hd(t;q): (2.12)

The control objective is then: to drivekeeehk to a bounded small number at the steady state

for the overall hybrid closed-loop system.

Since the discrete impact dynamics cannot be directly controlled due to their in�nitesi-

mally short periods of duration, we choose to derive a continuous control law to directly

stabilize the continuous-phase dynamics.

Figure 2-2: A block diagram of the proposed continuous-phase control law.

The proposed continuous control law is derived based on the full-order model of the
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continuous-phase walking dynamics as derived in Section 2.2. A block diagram of the

proposed control law is shown in Fig. 2-2.

To simplify the controller design, input-output linearization [136] is utilized to transform

the continuous-phase nonlinear dynamics into a linear system.

With the trajectory tracking erroreeeh chosen as the output functiony, we have�y =
¶eeeh
¶q �q + ¶eeeh

¶t andÿ = ¶
¶q ( ¶eeeh

¶q �q) �q + ¶eeeh
¶q q̈ + ¶2eeeh

¶t2 : From Eq.(2.7), we haveq̈ = M � 1(B̄u �

C̄): Substituting the expression ofq̈ into the expression of̈y, we haveÿ = ¶
¶q ( ¶eeeh

¶q �q) �q +
¶eeeh
¶q M � 1(B̄u� C̄)+ ¶2eeeh

¶t2 .

Thus, by choosing a continuous control law as

u = ( ¶eeeh
¶q M � 1B̄)� ( ¶eeeh

¶q M � 1C̄ � ¶
¶q ( ¶eeeh

¶q �q) �q � ¶2eeeh
¶t2 + v); (2.13)

where(�)� denotes the pseudoinverse of a matrix(�), we obtain the linearized output function

dynamics as̈y = v.

De�ne v as a proportional-derivative (PD) control law:

v = � K py � Kd �y; (2.14)

whereK p andKd are PD gains. Then, the closed-loop dynamics during continuous phases

areÿ = � K py � Kd �y:

By properly assigning values for the PD gains, the proposed input-output linearizing

control law can provably guarantee the stability of the closed-loop control system during

continuous phases.

However, due to the presence of the uncontrolled impact dynamics, the proposed control

law cannot automatically guarantee the provable stabilization of the overall hybrid, time-

varying walking dynamics. To derive suf�cient conditions under which the proposed control

law can provably solve the stabilization problem, the stability of the closed-loop system is

analyzed in Section 2.4.

Before introducing the stability analysis, we �rst introduce the construction of impact

invariance that can be used to satisfy a necessary condition for asymptotic stabilization.
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2.3.2 Impact Invariance Construction

If y+ = 0 and �y+ = 0 hold wheny� = 0 and �y� = 0 under an impact, theny and �y are

called “impact invariant” [26]. The impact invariance condition essentially requires that

the reference trajectory should respect the impact dynamics. It is a necessary condition for

achieving asymptotic stabilization of hybrid systems with state-triggered jumps that include

the robot dynamics as derived in Section 2.2.

To meet the impact invariance condition, we have previously derived a method of

constructing impact invariance [54] for the design of trajectory tracking controllers for

legged locomotion on static platforms. The method translates the condition into equality

constraints and enforces the constraints through trajectory generation. In this research, we

extend the previous method from the controller design for legged locomotion on static

platforms to dynamic platforms.

Consider a complete gait cycle of quadrupedal robot walking. Letq = qd(t) 2 Rn+ 6 be

the solution to the equationh(q) � hd(t;q) = 0. By de�nition, to meet the impact invariance

condition, the following equations should hold:

qd(t +
k;i) = qd(t �

k;i); qd(t +
k;0) = qd(t �

k;4); (2.15)

�qd(t +
k;i) = R(t k;i ;qd(t �

k;i)) �qd(t �
k;i);

�qd(t +
k;0) = R(t k;4;qd(t �

k;4)) �qd(t �
k;4):

(2.16)

Here,i 2 f 1;2;3g, and0 < t k;0 < t k;1 < t k;2 < t k;3 < t k;4. The variablest +
k;0 andt �

k;4 are

the initial and the �nal instants of the completekth gait cycle (k 2 f 1;2;3; :::g). The variable

t k;i (i 2 f 1;2;3g) is the planned instant of a foot-landing event betweent = t +
k;0 andt = t �

k;4.

Equation(2.15)always holds due to the continuity of the generalized coordinatesq

under an impact. Thus, to construct impact invariance, only Eq.(2.16)needs to be enforced

through trajectory generation as explained in Section V.
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2.4 Closed-Loop Stability Analysis Based on Lyapunov

Theory

This section presents the stability analysis of the closed-loop hybrid, time-varying system

under the proposed continuous control law. The analysis result is a set of suf�cient conditions

that the proposed controller should satisfy in order to provably stabilize the hybrid closed-

loop control system for achieving stable walking on dynamic rigid platforms.

De�ne x := [ yT �yT ]T . Under the proposed continuous-phase control law in Eqs.(2.13)

and (2.14), the closed-loop output function dynamics can be compactly expressed as:

8
><

>:

�x = Ax; if (t;x� ) =2 S(t;x);

x+ = DDD(t;x� ); if (t;x� ) 2 S(t;x);
(2.17)

whereA :=

2

4
0 I

� K p � Kd

3

5 , 0 andI are zero and identity matrices with appropriate dimen-

sions, and the expressions ofS andDDD can be obtained from the switching surfaceSq in

Eq.(2.8), the reset mapR in Eq.(2.11), and the trajectory tracking erroreeeh in Eq.(2.12). For

notational simplicity, one continuous phase and the subsequent discrete jump of a complete

walking cycle are given in Eq. (2.17).

The continuous-phase dynamics can be provably stabilized by properly selecting the PD

gains such thatA is Hurwitz. However, the instantaneous, uncontrolled impact dynamics

cannot be directly regulated. Hence, we will utilize the construction of multiple Lyapunov

functions [137] to derive suf�cient conditions for the overall hybrid, time-varying closed-

loop system.

The proposed stability analysis is an extension of our previous work on trajectory

tracking control of static-platform locomotion [54]. The previous analysis cannot be directly

performed on the hybrid, time-varying system in Eq.(2.17)because it does not consider

the time dependence of the system dynamics induced by the platform motion. To this end,

this chapter extends the previous analysis with the consideration of platform motions as

summarized in the following assumption:
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(A9) The platform acceleration at the foot-contact points,Ap(t), is differentiable int within

a continuous phase.

The assumption (A9) is valid for real-world dynamic rigid platforms such as vessels moving

in regular waves [138].

Before explaining the proposed stability analysis, several related variables and concepts

are �rst introduced.

Let t k andtk be the planned and the actualkth impact timings, respectively. The variables

t �
k andt+

k denote the time instants right before and after thekth impact, respectively. For

notational simplicity,?(t �
k� 1) and?(t+

k� 1) are denoted as?j�k� 1 and?j+k� 1, respectively, for

the rest of this chapter.

A �ctitious system is introduced and de�ned as�̄x := Ax̄ such that under the initial

conditionx̄(t0) = x0, a solution of the system is given byx̄(t;t0;x0), 8 t > t0. Then, the

solution to the actual continuous-phase system between the(k � 1)th and thekth impacts

satis�es:

x(t) = x̄(t; t+
k� 1;xj+k� 1); 8t 2 (tk� 1; tk]: (2.18)

Main Theorem (Closed-Loop Stability Conditions): The closed-loop control system in

Eq. (2.17) is locally asymptotically stable if the following two conditions are met:

(C1) Reference trajectories are planned with the impact invariance condition met to respect

the impact dynamics.

(C2) The PD gains are chosen such thatA is Hurwitz and that the statex converges to zero

suf�ciently fast during continuous phases. �

Proof: By the theory of multiple Lyapunov functions [137], a hybrid system is asymptoti-

cally stable if there exists a Lyapunov function candidate and a positive numberr such that

for all xj+0 2 Br (0) := f x : kxk � rg, the following two conditions hold: 1) the Lyapunov

function candidate asymptotically decreases during each continuous phase and 2) its values

at the initial instants of all continuous phases form a strictly decreasing sequence.

We begin the stability analysis with continuous phases.
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Suppose that the PD gains are chosen such that the matrixA is Hurwitz. Then, there

exists a Lyapunov function candidateV(x) and positive numbersc1, c2, andc3 such that

c1kxk2 � V(x) � c2kxk2 and �V(x) � � c3kxk2 (2.19)

hold for all x during continuous phases [136]. Then,

Vj+k � e� c3
c2

(tk� tk� 1)Vj+k� 1; k 2 f 1;2; :::g: (2.20)

Next, the evolution of the Lyapunov function candidateV across a state-triggered jump

is analyzed. By the triangle inequality principle, the norm of the statex right after thekth

impact can be approximated as:

kxj+k k = kDDD(tk;xj�k )k �k DDD(tk;xj�k ) � DDD(t k;xj�k )k

+ kDDD(t k;xj�k ) � DDD(t k;0)k+ kDDD(t k;0)k:
(2.21)

By the condition (C1), we haveDDD(t k;0) = 0:

Under the assumption (A9), the platform velocity at the foot-contact points,Vp(t), is

continuously differentiable int. Then, Eq.(2.11)and the de�nition ofx indicate thatDDD(t;x)

is locally continuously differentiable int andx. Thus, there exist Lipschitz constants,LDt

andLDx, and a positive numberrD such that for anyxj+0 2 BrD(0), we have:

kD(tk;xj�k ) � D(t k;xj�k )k � LDt ktk � t kk; (2.22)

kD(t k;xj�k ) � D(t k;0)k � LDxkxj�k k: (2.23)

Since the continuous-phase dynamics of the hybrid system in Eq.(2.17)is de�ned by a

function (i.e.,Ax) that is continuously differentiable inx, there exists a Lipschitz constant

Lt and a positive numberrt such that the difference between the actual and the plannedkth

impact timings can be approximated as [139]:

ktk � t kk � Ltkx̄(t k; t
+
k� 1;xj+k� 1)k (2.24)
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for all xj+0 2 Brt (0).

Combining Eqs. (2.22) and (2.24) yields

kDDD(tk;xj�k ) � DDD(t k;xj�k )k � LDt Ltkx̄(t k; t
+
k� 1;xj+k� 1)k: (2.25)

From Eqs. (2.21)-(2.25), we have

kx+
k k � LDt Ltkx̄(t k; t

+
k� 1;x+

k� 1)k+ LDxkx�
k k (2.26)

for anyx+
0 2 Br (0), wherer := min(rD; rt).

From Eqs. (2.19) and (2.20), we have

kxj�k k �
q

c2
c1

e� c3
2c2

(tk� tk� 1)kxj+k� 1k; (2.27)

kx̃j�k k �
q

c2
c1

e� c3
2c2

(t k� tk� 1)kxj+k� 1k: (2.28)

From Eqs.(2.26)-(2.28), we havekxj+k k �
q

c2
c1

(LDt Lt + LDxe
� c3

2c2
(tk� t k))e� c3

2c2
(t k� tk� 1)kxj+k� 1k

By the condition (C2), the PD gains can be assigned to allow a suf�ciently high convergence

rate. Then, suppose that the PD gains are chosen such thate� c3
2c2

(tk� t k) � 1+ e holds for

some positive numbere. Then, for anyxj+0 2 Br (0), we havekxj+k k � s kxj+k� 1k with

s :=
q

c2
c1

(LDt Lt + LDx(1+ e))e
�

c3
2c2

Dt k

andDt k := t k � tk� 1. Therefore,Vj+k � WVj+k� 1; W:= c2s 2

c1
:

If the PD gains are chosen such thatA is Hurwitz and thatc2s 2

c1
< 1 holds (i.e.,W< 1),

thenVj+0 , Vj+1 , Vj+2 ::: form a strictly decreasing sequence. By the de�nition ofs , if the

continuous-phase convergence ratec3
c2 can be chosen suf�ciently large, thens <

q
c1
c2

holds

(i.e., c2s 2

c1
< 1 is satis�ed). Then, by the stability theory based on the construction of multiple

Lyapunov functions, the closed-loop hybrid system is locally asymptotically stable for any

xj+0 2 Br (0). �



33

2.5 Reference Trajectory Generation

This section explains the proposed trajectory generation method for planning the desired

quadrupedal walking motions on dynamic rigid platforms.

2.5.1 Formulation of a Model-Based Optimization Problem

In this chapter, the problem of trajectory generation is formulated as an optimization problem.

The solution of the optimization problem is the reference trajectories,hd, which represent

kinematically and dynamically feasible walking motions over dynamic rigid platforms.

The formulation of the optimization problem begins with properly de�ninghd. Without

loss of generality,hd is de�ned based on walking pattern encoding [26]. A walking pattern

represents the relative evolution of con�guration-based variables with respect to a phase

variable that presents how far or how long a robot has walked within a gait cycle. Letq

be the phase variable. Letq+ andq � be the planned values ofq at the beginning and the

end of a complete gait cycle, respectively. Then, the normalized phase variables is de�ned

ass(q) := q� q+

q � � q+ : The desired walking pattern of the control variableh can be encoded

by s(q) ash(q) � hd(s(q)) = 0. TheNth-order B́ezier curves can be used to de�nehd as

hd(s) := å N
i= 0aaa i

N!
i!(N� i)! s

i(1� s)N� i : Here,aaa i 2 Rn+ 6� nct are the coef�cients of the B́ezier

curves, and are in turn used as optimization variables.

The cost function of the optimization problem can be chosen as the energy consumed

during walking [26].

Necessary constraints are considered to ensure that the optimized reference trajectories

would correspond to kinematically and dynamically feasible quadrupedal locomotion over

dynamic rigid platforms. These constraints include: 1) switching surfaces as derived in

Section 2.2.2; 2) the impact invariance condition derived in Section 2.3.2; 3) joint position

and velocity limits; 4) joint torque limits with the torque from Eq.(2.13); 5) platform-contact

constraints (e.g., unilateral constraints and friction-cone constraints) with the contact force

from Eq. (2.6); and 6) desired gait features (e.g., the desired duration of the gait cycle).

Both continuous-phase and discrete dynamics are contained in the constraints. The

continuous-phase dynamics in Eq.(2.5) are contained in the joint torque limits and the
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