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Abstract

This dissertation focuses on advancing bipedal robot control and state estimation within
the context of dynamic environments. It encompasses several key stages, starting with the
establishment of global-position tracking (GPT) control for multi-domain walking, where
walking involves alterations in contact conditions or actuator configurations during motion.
This initial effort, as described in Chapter [3] lays the foundation for precise trajectory
tracking and stability, essential for navigating rapid changing environments. Developing
a tracking controller for bipedal robots poses unique challenges due to the intricate, time-
varying, and hybrid nature of robot dynamics, particularly in the context of multi-domain
walking, encompassing various phases with distinct actuation characteristics including full
actuation, over actuation, and underactuation. In response to this challenge, a continuous-
phase GPT control law for multi-domain walking is introduced, which provides provable
exponential convergence of the entire error state within full and over actuation domains, as
well as the directly regulated error state within the underactuation domain. The simulation
results confirm the accuracy and reasonable convergence rate of the proposed control
approach.

Subsequently, the dissertation addresses the open problems of state estimation and
control for bipedal locomotion on dynamic rigid surfaces (DRSes), which are rigid surfaces
moving in the inertial frame. Real-world examples of DRSes include trains and ships.
Towards solving the state estimation problem, the dissertation explores the expansion of
existing state estimation techniques from static terrains to DRSes, as reported in Chapter 4]
This extension aims to enhance the accuracy of state estimation with DRS motion involved,
which is needed to inform controller designs. A new invariant extended Kalman filter
is introduced for estimating the robot’s pose and velocity during DRS locomotion using
common sensors found on legged robots, such as inertial measurement units (IMU), joint
encoders, and RGB-D cameras. The filter explicitly accounts for the nonstationary surface-
foot contact point and the hybrid robot behaviors. It also exhibits attractive properties
such as guaranteed convergence in the absence of IMU biases for the deterministic case.
Furthermore, the observability of state variables is analyzed, revealing the impact of DRS
movement on the observability. Experimental validations with a Digit humanoid robot
walking on a pitching treadmill confirm the efficacy of the proposed filter under uncertainties
(e.g., sensor noise and biases and estimation errors) and various DRS pitch movements.

The last direction of this dissertation research focuses on the design and evaluation of a
hierarchical control approach that ensures stable underactuated bipedal walking on a DRS
with a known, periodic, horizontal motion. Chapter [5| summarizes the findings along this
direction. The framework comprises three layers: higher-layer foot-placement planning,
middle-layer full-body reference generation, and lower-layer feedback control. The key
novelty of the proposed framework lies in the footstep planning. By incorporating a new
angular momentum-based linear inverted pendulum (ALIP) model and a DRS forcing input,
the higher layer povably stabilizes the hybrid, linear, time-varying ALIP model. The middle-
layer walking pattern generator produces smooth foot placement transitions using Bézier
polynomials encoded by a time-based phase variable, while the lower layer adopts existing
feedback controllers to drive the robot to its desired state. Validations using the Digit robot,



both in simulations and hardware experiments, support the framework’s effectiveness in
realizing stable bipedal walking on a horizontally moving surface.
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Chapter 1 Introduction

1.1 Motivation

Bipedal walking systems hold great potential for various applications, including delivery
services and emergency response. Their remarkable capability to navigate through challeng-
ing terrains like uneven surfaces, stairs, narrow passages, and even moving platforms sets
them apart from wheeled or tracked robots.

To ensure the success of bipedal robot walking, two critical components come into play:
controllers and state estimators. Controllers play a central role in enabling reliable legged
robot locomotion by directly altering the dynamic behavior of the robot. Meanwhile, state
estimation is essential in supplying the controller with accurate estimates of the movement
variables in real-time.

However, designing controllers and state estimators for bipedal robots presents substan-
tial challenges. These machines exhibit complex hybrid dynamical behaviors that encompass
both continuous dynamics, such as foot swinging, and discrete jumps, such as the role switch-
ing between the support and the swing feet at a foot-landing event. These discrete jumps
are nonlinear, uncontrolled, and triggered by state-dependent condR®idjs Both the
continuous and the discrete behaviors are subject to various ground contact condfraints [
Also, modern bipedal robots are often equipped with on-board sensors that may not directly
measure all the relevant state variables or can be in uenced by hardware imperfections such
as bias and noisé&]. Furthermore, in real-world applications, bipedal robots may encounter
dynamic rigid surfaces (DRSedj][ which are rigid surfaces moving in the inertial frame,
such as ships, aircraft, trains, and elevators (see Fig. 1-1-a)). These surfaces introduce extra
complexity due to the time-varying movement of the foot-ground contact region, in contrast
to the static contact area on static terrain.

The robot hardware used in this dissertation research is shown in Fig. 1-1-b).



Figure 1-1: a) lllustration of real-world dynamic rigid surfaces (DRSes). b) lllustration of
the robot hardware used in this dissertation. The left hand side is the OP3 robot (manufac-
tured by ROBOTIS Co., Ltd), and the right hand side is the Digit robot (manufactured by
Agility Robotics).

1.2 Related Work

To provide a context for this dissertation, several existing approaches of dynamic

modelling, state estimation, and control strategies are reviewed in this section.

1.2.1 Dynamic Modeling for Bipedal Walking

Various model-based control approaches have achieved reliable walking performance
on a wide range of bipedal robot platforms. These approaches rely on dynamic models,
including reduced-order and full-order models, each with its own strengths and weaknesses
in control design. Models are indispensable in bipedal robot controller design as they
provide mathematical representations of robot dynamics and the environment. Reduced-
order models offer computational ef ciency, making them suitable when approximations
are acceptable, whereas full-order models provide high- delity representations for precise
control but require greater computational resources. The choice between these models
depends on the need to balance accuracy with computational demands in different scenarios,

highlighting the fundamental role of models in ensuring effective bipedal robot control.



1.2.1.1 Linear Inverted Pendulum Model

The most extensively studied reduced-order model of legged locomotion is the linear
inverted pendulum (LIP)7, 8] model. The LIP model approximates the legged robot as a
mass point atop a massless leg, and captures the essential behaviors of legged locomotion
(e.qg., the transfer between the robot's potential and kinetic energy during walking). The
major advantage of the LIP model stems from its simplicity (i.e., low dimensionality and
linearity). As a legged robot typically has ten to forty joints, the full-order model of legged
locomotion dynamics can be high-dimensional. The high dimensionality could induce an
overly high computational load for the implementation of motion planners and controllers
that prevent real-time implementation. In contrast, the LIP model has a signi cantly smaller
number of state variables, and thus can be utilized to enable online planning and control.
Besides simplicity, the LIP model also provides analytical tractability as well as physical
intuitions into the complex dynamics of legged locomotion. Furthermore, Y. Gong et
al. [9] have proposed an angular momentum-based linear inverted pendulum (ALIP) model.
Compared with the classical LIP model, the ALIP model takes into account both the inertial
and angular motions of the bipedal robot, resulting in a higher level of model delity. Yet,
the major disadvantage of the LIP model, which is commonly shared by reduced-order
models, is its inaccuracy in capturing the robot's complete dynamic behaviors as compared
with a full-order model, especially for legged robots whose whole-body mass cannot be

accurately assumed to be concentrated at a single point.

1.2.1.2 Spring-Loaded Inverted Pendulum Model

The Spring-Loaded Inverted Pendulum (SLIP) model is a widely used reduced-order
model in the study of biomechanics and robotics, particularly in the context of understanding
and simulating bipedal and quadrupedal locomoti).[ This model simpli es the complex
dynamics of legged locomotion into a single leg with a spring, representing the combined
mass, inertia, and muscle action of an animal or a robot's leg. The essence of the SLIP model
is its ability to capture the fundamental mechanics of running and hopping motions, where

energy is stored in the spring during the stance phase and released during the take-off phase,



creating a cyclical movement patterti]. This model has been signi cant in uncovering
fundamental locomotion principles in the natural world and has in uenced the design and

development of legged robotic systems [12].

1.2.1.3 Centroidal Dynamics

Another widely adopted reduced-order model is the centroidal dynadfc&4, 15, 16|,

which describes the dynamics of a robot's center of mass (CoM) and its whole-body angular
momentum about the CoM in response to external forces (i.e., gravitational and ground
reaction forces). Compared to the LIP model, the centroidal dynamics provides a more
realistic approximation of the actual robot dynamics for several reasons. First, it does not
rely on some of the relatively restrictive assumptions underlying the LIP model, such as
the constant CoM height above the support point. Second, in contrast to the LIP model
that only considers the effective ground reaction forces at the center of pressure (CoP), the
centroidal dynamics considers the ground reaction forces at each support foot, which could
be utilized to allow planners and controllers to explicitly optimize those forces at all support
feet for ensuring secured foot-ground contact. However, the centroidal dynamics is not as
analytically tractable as the LIP model. For instance, the whole-body angular momentum

about the CoM cannot be integrated analytically based on the centroidal dynamics.

1.2.1.4 Hybrid Zero Dynamics (HZD)

The full-order model of a bipedal robot describes the complete dynamic behaviors of a
biped's full degrees of freedom (DOF). The major advantage of using a full-order model in
controller design lies in its higher accuracy than a reduced-order model. Yet, the full-order
model of a bipedal robot can be highly complex due to its high dimensionality, nonlinearity,
and hybrid nature. To simplify the full-order robot model without compromising its accuracy,
the concept of hybrid zero dynamics (HZ[®) [L7, 18] has been proposed for underactuated
walking robots whose independent joint motors are fewer than their DOFs. The HZD is
the low-dimensional zero dynamics of the uncontrolled portion of the robot's full-order
dynamics under the input-output linearizing control that is built upon the full-order model.

The HZD enjoys both the accuracy of a general full-order model as well as the simplicity of a



standard reduced-order model. Different from the standard reduced-order models, the HZD
also captures the hybrid behaviors of bipedal walking. Indeed, bipedal walking is inherently
hybrid and possesses discrete-time dynamics, such as the role switching of the support and
swing feet at the foot-landing events as well as the sudden jumps in the joint velocities
caused by landing impacts. By capturing the hybrid behaviors, the HZD allows controllers
to explicitly address them for ensuring locomotion stability in the presence of signi cant
discrete behaviors. This is in sharp contrast to the majority of the existing reduced-order
models, which only consider the continuous-time dynamics of bipedal walking, i.e., the

swing-phase dynamics.

1.2.2 State Estimation for Legged Locomaotion

State estimation plays a signi cant role in controller design and motion planning for
robots by providing real-time estimates of the robot's movement state, such as the position,
velocity, and orientation of the robot's base/trunk segment. The key performance measures
of state estimation include: (a) accuracy, which is used to assess how closely the state
estimates match the ground truth; (b) computational ef ciency, which is a crucial metric for
real-time implementation; (c) reliance on a minimal number of sensors, which is important
for cost-effectiveness and simplicity in hardware setups; and (d) error convergence rate,
which characterizes how fast the state estimate converges to its steady-state value.

State estimation methods include Itering and smoothitbg [ Filtering utilizes only the
previous estimation results from the last time step to estimate the state variables at the current
time step, whereas smoothing (e.g., factor gr&th 21]) uses multiple previous estimation
results, sometimes even all results up to the last time step, to provide state estimates at
the current time step. Compared to smoothing, ltering is typically computationally more
ef cient due to its lighter computational load, and thus is more suitable for real-time state
estimation. We concentrate on reviewing common Itering methods next as our work

primarily addresses ltering instead of smoothing.



1.2.2.1 Kalman Filtering and Its Variantions

Kalman Itering (KF) is a commonly used real-time state estimation method for linear
systems, involving propagation and measurement update steps. In the propagation step,
it estimates the true state's probability density function using linear system dynamics.
When sensor measurements arrive, state estimates are updated using linear measurement
models R2]. In practical scenarios, process and measurement models are often nonlinear,
leading to KF's performance limitations. The extended Kalman Iter (EKF) extends KF to
nonlinear models based on the linearization of the nonlinear model at the estimate@3tate [
While computationally ef cient, EKF may perform poorly in the presence of signi cant
initial estimation errors and lacks provable guarant@dé [In addition, the EKF has
been reported to cause observability inconsistency is@igb¢cause they might treat the
unobservable state as if they are observable. To overcome the inaccuracies of linearization
in EKF, the unscented Kalman lter (UKF) provides an alternative by employing weighted
statistical linear regressio26]. In general, the UKF produces equal or better results than
the EKF [23].

1.2.2.2 Invariant Extended Kalman Filtering

Recently, the invariant extended Kalman lItering (INEKF) method has been introduced
to resolve the inaccurate linearization of system models in order to achieve real-time, rapidly
convergent estimatior2fl]. The INEKF formulates the Iter design on the matrix Lie group
for a class of continuous-time or discrete-time systems with group af ne process models and
invariant measurement models. For such systems, the linearization of the error dynamics on
the Lie group is exact and independent of the state estimates for the deterministic portion
of the systems. Due to this attractive feature, the INEKF provides provable guarantees
on the estimation performance while demanding a low computational burden to allow for
real-time implementation. The INEKF has achieved remarkable estimation performance for

drones [27], under water vehicles [28], and legged robots [29, 30].



1.2.2.3 Real-Time State Estimation of Legged Locomotion

Legged robots are often equipped with sensors, such as IMUs (typically attached to the
robot's trunk), joint encoders, contact sensors, cameras, and Lidars, to measure their pose
and motion. However, these sensors are prone to hardware imperfections, uncertainties
during real-world operations, and might not directly measure all variables needed to inform
motion planners and controllers. To address this, various lters have been designed to
provide real-time, accurate state estimates.

Early Iter designs for legged robots primarily employ the robot's forward kinematics
chain B1] but struggle with relatively large state estimation errors due to foot slippage
on the ground, sensor noise, and kinematic model uncertainties. Improvements involve
constructing a measurement model based on the forward kinematics from the ground contact
point to the IMU, assuming static contact poind&]l This approach has been implemented
on robots such as MIT's mini Cheetah quadrup&8,[where the orientation of the robot's
trunk, directly measured by the IMU, is utilized.

An EKF approach, employing unit quaternions to represent IMU rotations, has been
introduced by Bloesch et al. for quadrupedal and bipedal rol8@s This approach has
enabled accurate and real-time estimation of movement variables such as the linear velocity
and roll and pitch angles of the IMU/trunk frame. Yang et al. have further extendeded this
method to a contact-centric UKF for legged locomotion on challenging terrains [34].

Hartley et al. R9] have applied the INEKF32] to legged robot locomotion, reformulating
theprevious EKF-based estimat8€] on matrix Lie groups. In contrast to the EKF approach,
the INEKF ensures the asymptotic error convergence for the deterministic scenario in the
absence of IMU biases, and signi cantly improves the error convergence rate. Lin&jjal. [
have introduced a learning-based approach for detecting robot-terrain contacts without
requiring modi cations of existing hardware. This improved contact detection method
enhances the effectiveness of the INEKF.

To date, the majority of state estimators for legged robots primarily address cases where

the ground remains static, and state estimation for moving surfaces remains underexplored.



1.2.3 Control Design

Controllers directly alter a robot's dynamic behavior and are essential in ensuring reliable
legged locomotion performance. The primary challenges in designing controllers for legged
robot locomotion arise from the complex robot dynamics, which are nonlinear, hybrid,
and high-dimensional in nature. Furthermore, factors such as environmental uncertainties,
sensor noise, and external disturbances contribute to the overall complexity of controller
design. Common assessment measures of legged locomotion control include stability,
agility, ef ciency, versatility, and robustness. Stability primarily involves a robot's ability
to maintain balance and prevent falls, making it the most important performance measure.
Aqility is the skill of effectively traversing different terrains, ef ciency involves lowering
energy usage, and versatility is the robot's ability to adjust its walking patterns to various
environments. Robustness indicates the controller's capacity to manage model uncertainties

and external disturbances. Different control approaches will be introduced next.

1.2.3.1 Zero Moment Point (ZMP) Based Control Design

The ZMP control design method is one of the most extensively studied methods for
bipedal walking ¥, 36]. This method relies on the satisfaction of the ZMP balance criterion
to ensure walking stability. A ZMP is a reference point on the robot's foot about which the
sum of all horizontal moments of ground reaction forces is equal to 38toThe ZMP
balance criterion requires that the ZMP should be strictly within the support polygon for
preventing a support foot from rolling over its edge. The ZMP controller design method
typically utilizes the LIP model as its basis, and has been successfully implemented on a
variety of biped robot platforms, such as ASIMO [38] and NAO [39].

The advantage of the ZMP control method lies in its high walking versatility, and has
enabled stable walking with different gait types through accurate trajectory tracking. Despite
high versatility, the classical ZMP-based controller is unable to address underactuated
walking, which exists during foot slipping as well as the heel-off phase of human-like

walking.



1.2.3.2 Capture Point Based Control Design

Besides the ZMP point, another extensively studied reference point in controller design
is the capture poind0, 41]. The capture point is a point on the walking surface that a robot
needs to step to in order to come to a complete stop. A controller designed based on the
capture point can be used to guarantee walking robustness against external disturbances
such as sudden pushes.

In general, the real-time computation of the capture point based on a full-order model is
challenging due to the complex walking dynamidg][ However, with a simpli ed model
such as the LIP model, the analytical expression of a capture point can be obtained. Thus,
implementing the capture point based control strategy online is possible due to the low
computational cost of the LIP modet3]. A limitation of the LIP model is its assumption
of constant CoM height, which proves inadequate when the robot navigates uneven terrain.
To address this, S. Caroa4] has introduced the variable-height inverted pendulum (VHIP)
model, which enables the robot to adapt to uneven terrain using capture inputs that are
computed within a few microseconds.

Still, using a reduced-order model in controller design may not be effective for robot
platforms (e.g., bipedal humanoid robots with substantial leg masses) whose dynamics
cannot be suf ciently accurately captured by such models. Also, both the ZMP and the
capture point based control methods only address the continuous walking dynamics without
explicitly considering the discrete-time dynamics of bipedal walking, and thus cannot ensure
walking stability when the discrete behaviors, such as sudden jumps in joint velocities upon

foot landings, are signi cant.

1.2.3.3 Hybrid Zero Dynamics (HZD) Based Control Design

In contrast to the ZMP and capture point based methods, the HZD contol framework
ensures the walking stability by provably stabilizing the desired motions of the hybrid,
nonlinear, full-order walking dynamics [2, 17, 18].

The HZD framework has been implemented for fully actuatds, underactuatedp,

47], and multi-domain walking48, 49|, as well as runningq0] and robot-assisted human
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walking [51]. Recently, velocity regulatior3] and learning-based gait library desidgs?]

have been incorporated into the HZD framework to enhance walking versatility beyond
periodic walking. In addition, the reinforcement leaning approach has also adapted into the
HZD framework b3]. As the HZD framework considers the full-order robot model without
relying on the restrictive model simpli cation assumptions as in the ZMP and capture point
approaches, it has achieved much higher walking performance in terms of agility and energy
ef ciency. However, the HZD framework has been largely focused on stabilizing periodic

walking motions based on orbital stabilization instead of provable trajectory tracking.

1.2.3.4 Learning Based Control Design

Thanks to the availability of abundant data, the data-driven methods, notably reinforce-
ment learning (RL), offer new ways of control design for bipedal robots. There has been a
growing body of work that employs RL in a model-free manrit, b5]. These model-free
methods generally require extensive training time and face challenges in transitioning from
simulated environments to physical hardware. They also typically do not provide guaran-
tees for system stability and performance and lack interpretability. In response to these
limitations, hierarchical controller structures that merge RL with model-based approaches
have been develope8@§]. This methodology integrates various established models such
as the LIP 57], SLIP [58], and full-order modelsg3]. By utilizing various models, the
controller can capture the dynamics of bipedal walking systems more effects@lyThis
combination of model- and learning-based approaches represents a signi cant advancement
in the eld of robotic locomotion. It harnesses the predictive power of established models
while simultaneously leveraging the generalizability of RL. The result is a more robust
and versatile control system that can better navigate the complexities inherent in bipedal
locomotion. Although the primary focus of this dissertation is on model-based methods
instead of learning-based techniques, the potential and ef cacy of these approaches are

promising for further exploration.
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1.3 Contributions

The research laid out in this dissertation has led to:

 Derivation of a nonlinear control approach that exploits Lyapunov-based controller
design methodologies to realize accurate global-position tracking for multi-domain

bipedal robot walking;

» Creation and experimental validation of an invariant Itering method that guarantees
real-time, rapid error convergence for bipedal walking over both stationary and DRSes,
by theoretically extending the existing INEKF method from systems without state-

triggered jumps to hybrid dynamical systems.

» Formulation and experimental assessement of a new control approach that employs a
new hybrid and time-varying reduced-order model to achieve stable underactuated

bipedal walking on a horizontally oscillating DRS.

1.4 Overall Structure of this Dissertation

A brief summary of the following chapters are explained next.

Chapter 2 Background: In this chapter, we establish the fundamental mathematical
concepts that readers will need so as to grasp the content presented in the rest of this
dissertation. The covered topics include coordinate systems, the LIP model, hybrid systems,
and an introduction to the basics of Lie groups. These concepts will reappear across the
entirety of the dissertation. As we delve into coordinate systems, readers will gain insight
into how the robot's movements are described. The derivation of the LIP model lays the
groundwork for more advanced discussions in Section 5. The exploration of hybrid system
dynamics guides us through the intricate behaviors of robots, providing a pivotal framework
for comprehending multi-domain locomotion and full-order control strategies. Additionally,
the section on the matrix Lie groups sets the stage for understanding the core principles of

the INEKF, which is utilized for the robot's state estimation.
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Chapter 3 Global-Position Tracking Control for 3-D Multi-Domain Bipedal Walking:

This chapter introduces a new time-based nonlinear control method for accurate global-
position tracking (GPT) in multi-domain bipedal walking. The complexity of the hybrid and
nonlinear robot dynamics poses challenges in deriving tracking controllers, especially for
multi-domain walking with full, over, and under actuation phases. Our approach employs a
continuous-phase GPT control law that ensures exponential error state convergence across
all domains. Suf cient multiple-Lyapunov stability conditions for the hybrid multi-domain
tracking error system are established. Simulation results demonstrate the effectiveness
of the proposed control method in both three-domain and two-domain walking scenarios,
showcasing accurate tracking and convergence across various speeds and paths.

Chapter 4 Invariant Filtering for Legged Humanoid Locomotion: This chapter presents

an InEKF that estimates the robot's trunk pose and velocity during DRS locomotion by using
common sensors of legged robots (e.g., IMU, joint encoders, and RDB-D camera). A key
feature of the lter lies in that it explicitly addresses the nonstationary surface-foot contact
point and the hybrid robot behaviors. Another key feature is that, in the absence of IMU
biases, the lter satis es the attractive group af ne and invariant observation conditions,
and is thus provably convergent for the deterministic continuous phases. The observability
analysis is performed to reveal the effects of DRS movement on the state observability,
and the convergence property of the hybrid, deterministic lter system is examined for the
observable state variables. Experiments of a Digit humanoid robot walking on a pitching
treadmill validate the effectiveness of the proposed Iter under sensor noise and biases as
well as large initial estimation errors and DRS movement uncertainties.

Chapter 5 Foot-Placement Control for Underactuated Bipedal Walking on Dynamic

Rigid Surfaces (DRSes):This chapter introduces a real-time control framework that
realizes stable underactuated walking on DRSes with a known, periodic, horizontal motion.
The framework consists of three layers: foot-placement planning, full-body reference
generation, and feedback control. By incorporating the angular momentum-based linear
inverted pendulum (ALIP) model and a DRS forcing input, the framework ensures stable
walking by stabilizing the hybrid, linear, time-varying ALIP model. The walking pattern

generator produces smooth foot placement transitions ussageBpolynomials encoded
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by a time-based phase variable, while the lower layer implements feedback controllers
to handle holonomic constraints. Validations on the Digit robot, both in simulations and
hardware, demonstrate the effectiveness of the framework in addressing DRSes.

Chapter 6 Conclusion and Future Work: This chapter presents an overview of the
dissertation research, including our GPT control for multi-domain walking, INEKF-based
state estimation for DRS locomotion, and ALIP-based control for underactuated walking
on a horizontally moving DRS. Additionally, this chapter outlines promising directions for

future research in the context of the dissertation.
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Chapter 2 Background

This chapter introduces the essential mathematical concepts underlying the content in the
rest of this dissertation. The covered topics encompass coordinate systems, hybrid systems,

and an introduction of matrix Lie groups.

2.1 Coordinate Systems and Generalized Coordinates

This section explains the three coordinate systems used in the proposed controller
and estimator designs. Figure 2-1 illustrates the three frames, with,the andz-axes

respectively highlighted in red, green, and blue.

2.1.1 Coordinate Systems

The world frame, also known as the inertial frame, is rigidly attached to the ground
(see fWorldg” in Fig. 2-1). The base frame, illustrated dBasey” in Fig. 2-1, is rigidly
attached to the robot's trunk. Thedirection (red) points forward, and tlzedirection (blue)
points towards the robot's head. The origin of the vehicle frame (S¢eticleg” in Fig. 2-1)
coincides with the base frame, andztaxis remains parallel to that of the world frame. The
vehicle frame rotates only about its z-axis by a certain heading (yaw) angle. The yaw angle
of the vehicle frame with respect to (w.r.t.) the world frame equals that of the base frame
w.r.t. the world frame, while the roll and pitch angles of the vehicle frame w.r.t. the world

frame are 0.

2.1.2 Generalized coordinates

To use Lagrange's method to derive robot dynamics models, we need to rst introduce
the generalized coordinates to represent the base pose (i.e., position and orientation) and

joint angles of the robot.
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Figure 2-1: lllustration of the three coordinate systems used in the study: world frame,
vehicle frame, and base frame.

We usep® 2 R® andgP 2 SQ(3) to respectively denote the absolute base position and
orientation w.r.t. the world frame, and their coordinates are representeq; gy, &,) and
(fp;an; Y b). Heref ; qp;y p are the roll, pitch, and yaw angles, respectively. Then, the 6-D
poseqy, of the base is given by, := [(p?)T; (g?)T]".

Let the scalar real variableg; :::; g, represenh revolute joints of the robot. Then, the
generalized coordinates of a 3-D robot, which has a oating base and tatahdépendent
revolute joints, can be expressed as:

h i1
a= ql; 0 o 2Q; (2.1)

whereQ R™6 s the con guration space. Note that the number of degrees of freedom

(DOFs) of this robot without subjecting to any holonomic constraintsHs.

2.2 Hybrid System

A hybrid control systenHC is a tuple:
HC=(GD;U;SD;FG); (2.2)

where

The oriented grapf®=(V; E) comprises a set of vertic®s= fvq;Vo;::;;vyg and a set
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of edgesE = feq; e;:::;;eng, WhereN is the total number of elements in each set. In
this dissertation, each vertexrepresents thé" domain, while each edge represents
the transition from the source domain to the target domain, thereby indicating the

ordered sequence of all domains.
D is a set of domains of admissibility.
U is the set of admissible control inputs.

Sis a set of switching surfaces determining the occurrence of switching between

domains.

Dis a set of reset maps, which represents the impact dynamics between a robot's

swing foot and the ground.

FGis a set of vector elds on the state manifold.

The elements of these sets are explained next.

2.2.1 Continuous-phase dynamics

Within any domains irD, the robot only exhibits continuous movements, and its dy-
namics model is naturally continuous-time. Applying Lagrange's method, we obtain the

second-order, nonlinear robot dynamics as:
M(a)§+ c(q;q) = Bu+ JTF; (2.3)

whereM(q) : Q! R(™8 (") i5 the inertia matrix. The vectar: TQ! R(™9 js the
summation of the Coriolis, centrifugal, and gravitational terms, whe@eis the tangent
bundle ofQ. The matrixB 2 R("™ 8 " s the input matrix. The vectar2 U  R™ is the

joint torque vector. The matrix(q) : Q! R" (™6 represents the Jacobian matrix. The
vectorF; 2 R™ is the constraint force that the ground applies to the foot-ground contact
region of the robot. Note that during multi-domain walking, the dimensiodsasfdF; vary
among the different domains due to differences in the ground-contact conditions and other

types of holonomic constraints.
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The holonomic constraints associated with legged locomotion on stationary ground can
be expressed as:
Jg+ Jg= 0; (2.4)

where0Q is a zero matrix with an appropriate dimension.
Combining Egs(2.3)and(2.4), we compactly express the continuous-phase dynamics

model as [60]:
M(q)d+ c(g;q) = B(a)y; (2.5)

where the vectog and matrixB are de ned asc(q;q) ;= ¢ JT(IM 1IT) M lc Jq)
andB(q):= B JT(IM 1T) Lam 1B.

2.2.2 Switching surfaces

When a robot's state reaches a switching surfac S, wherei is the index of the
switching surface, it exits the source domain and enters the targeted domain. We use
switching surfaces to describe the conditions under which a switching event occurs. The
switching surface varies for different walking type, as we will look more into details in

Chap. 3 and Chap. 5.

2.2.3 Discrete impact dynamics

When a rigit swing foot hits a rigid walking surface, an instantaneous rigid-body impact
occurs, resulting in the robot's generalized velocjtgxperiencing a sudden jump. Unlike
velocity g, the con gurationg remains continuous across an impact event as long as there
is no coordinate swap of the two legs at any switching event.gLeandg® represent
the values ofj just before and after an impact, respectively. The impact dynamics can be

described by the following nonlinear reset map [2]:

q" = Dy(a)q ; (2.6)

whereDy: Q! RM™® (6 js an element irD and a nonlinear matrix-valued function

relating the pre-impact generalized velodity to the post-impact valug”™ . The derivation
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of Dy relies on the speci ¢ impact scenario, which will be explored in detail in Chap. 3

where various foot-surface contact conditions will be discussed.

2.3 Bezier polynomial

The Bezier polynomiafF (s), which is used to parameterize the desired trajectory, is
de ned as follows:

M! M m.
v S &9 @7

f(s):= g_ am
m=0

whereM represents the order of the&Ber polynomial an@n, is the coef cient associated
with themt" term. Bezier polynomials have the convenient property fh@l) = ag and
f (1) = am, which allows us to relate the coef cients to the values of the polynomial at the
endpoints. By adjusting the values of the coef cients, we can modify the desired trajectory
accordingly. Moreover, Bzier polynomials exhibit relatively small oscillations even with
small variations in the parameters, making them a suitable choice for encoding desired

trajectories for robots.

2.4 Fundamentals of Matrix Lie Groups

Robotic state estimation is vital for a robot to understand its environment and navigate
effectively, involving the deduction of the robot's internal state from sensor data. The
integration of matrix Lie groups into robotic state estimation can help effectively address
the nonlinearities of system dynami@&g]. This section offers a brief introduction to matrix

Lie groups.

2.4.1 Lie Groups

A Lie groupGis a smooth manifold whose elements, suciXa¥, andZ, satis es the

following group axioms:

Closure: X Y 2G,

ldentity: X I =1 X =X,
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Inverse:X X 1=Xx 1 X =1,
Associativity: (X Y) Z =X (Y Z2),

wherel is the group identity and is the group compaosition operation.

2.4.2 Matrix Lie Groups

A matrix Lie groupGy [61] is a speci c type of Lie groups in which the elements of
the group are represented by certain invertible square matrices, and the group operation is
matrix multiplication, denoted ashere. Accordingly, to ensure that matricésY, and
Z belong to the matrix Lie group, they must satisfy the following conditions, which are

derived from the group axioms:

Closure: X Y 2 Gy,

Identity: X =1 X=X,

Inverse:X X =X 1 X=1,
Associativity: (X Y) 2= X (Y Z),

wherel is the identity matrix with a proper dimension. Since this dissertation primarily uses
matrix Lie group in the proposed state estimator design, the subsequent content focuses
on introducing several basic concepts associated with matrix Lie groups, rather than the

broader context of a general Lie group.

2.4.3 Lie Algebra

For any point (matrixX 2 Gy, there is an unique tangent space, denotelk &y . Such
a tangent space at the group identity, denoted @g, is called the Lie algebrg. The
Lie algebrais asetaf nsquare matrices with dimension of dirLie algebrag can be
mapped directly to the vector space using the linear opefatorg! RY™ (Vee operator),
whose inverse operator (9" : R4M | g (hat operator).

It is worth noting that the Lie algebra can be de ned locally w.r.t. a speci ¢ p&imn

the matrix Lie group, which may not necessarily be the group identity. To precisely denote
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this tangent space, a left superscript can be used, as seen in expressions‘sueTaGy

and'v 2 TGy, wherev 2 g represents an arbitrary element within the Lie algebra.

2.4.4 Exponential, Logarithmic, and Adjoint Operations

The exponential map, denoted as egd G v, maps the element of the Lie algebra to
the Lie group exactly. In the context of matrix Lie groups, gx@function corresponds to

the matrix exponential and possesses the following properties:

exp(tv+ sv) = exp(tv) exp(sv),

exp(tv) = ( exp(v))',

exp( V) =(expv)) 1,

expX v X =X explv) X L

wheret ands are any real numbers. The inverse operation is the logarithmic map, denoted
aslog:Gy! g

The Lie algebra at the group identity and the Lie algebra at other points can be trans-
formed to each other through the adjoint transformathmty : g! g, via the following
expression:

'v= Adx(*v)= X v X (2.8)
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Chapter 3 Global-Position Tracking Control for
Multi-Domain Bipedal Robot Walking

This chapter introduces a new time-based nonlinear control method that achieves accurate
global-position tracking (GPT) for multi-domain bipedal walking on a static ground by
explicitly treating the hybrid, nonlinear, full-order robot dynamics.

Multi-domain walking in legged locomotion is naturally hybrid, involving both contin-
uous foot-swinging phases and discrete foot-landing behaviors within a gait cycle. This
occurs due to changes in foot-ground contact conditions and actuation autBay g
which is observed in human walking as well. These phases encompass full actuation, under-
actuation, and over actuation, each having different actuation characteristics. In contrast to
fully actuated walking, multi-domain walking offers greater agility and ef ciency thanks
to underactuation. However, this underactuation introduces substantial control challenges
owing to limited control authority.

Several control strategies have been proposed to achieve stable multi-domain walking in
bipedal and quadrupedal robots. These strategies use hybrid models to capture multi-domain
robot dynamics§3]. M. Dai et al. have introduced the multi-domain linear inverted pendu-
lum (MLIP) model and employed step-to-step dynamics to achieve human-like multi-domain
walking on a three-dimensional (3-D) full-order Cassie rolod}.[ Meanwhile, M. Tucker
et al. have demonstrated multi-domain walking on an exoskeleton plat&gim\|Vhile
these approaches have demonstrated stability and reliable performance on physical legged
robot robot platforms, they may not directly address general global-position tracking (GPT)
control problems. In real-world scenarios, robots often require precise global position con-
trol and timing, which can be challenging to achieve with orbital stabilization mechanisms
employed in previous methods, 67, 68, 69, 70]. This is because those previous methods
rely on orbital stabilization to ensure locomotion stability, which cannot guarantee accurate
and precise tracking of time-varying global-position trajectories [71, 72, 73, 74, 75].

To address this tracking control problem for multi-domain walking, we have developed
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Figure 3-1: lllustration of the Darwin OP3 robot, which is used to validate the proposed
global-position tracking control approach. Darwin OP3 is a bipedal humanoid robot with
twenty revolute joints, designed and manufactured by ROBOI|LISThe reference frame
of the robot's oating base, highlighted agBase”, is located at the center of the chest.

a GPT control method for 2-D fully actuated bipedal walking robats [2, 76] and
extendeded it to 3-D fully actuated robot&3] 77, 78, 75, 60]. Additionally, we have
formulated the dynamics of fully actuated quadrupedal walking on a dynamic rigid surface
(DRS) in the inertial frame as a hybrid time-varying systeff, [6, 80], enabling the
development of a GPT control law for fully actuated quadrupeds. However, these methods
are not directly applicable to the multi-domain control problem because they do not explicitly

handle the underactuated robot dynamics associated with multi-domain walking.
3.1 Full-Order Dynamic Modeling of Three-Domain Walk-
ing

This section presents the hybrid model of bipedal robot dynamics associated with

three-domain walking. The robot model used in this chapter is illustrated in Fig. 3-1.
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3.1.1 Walking Domain Description

For simplicity and without loss of generality, we consider the following assumptions on

the foot-ground contact conditions during 3-D walking:

A3.1 The toe and heel are the only parts of a support foot that can contact the gé&jind [
A3.2 While contacting the ground, the toes and/or heels have line contact with the ground.
A3.3 There is no foot slipping on the ground.

Also, we consider the common assumption below about the robot's actuators:

A3.4 All the nrevolute joints of the robot are independently actuated.

Let n; denote the number of independent actuators,rgrel n holds under assumption

(A3.4). At the switching instant, we consider the following assumptions:

A3.5 The landing impact between the robot's foot and the ground is a contact between rigid

bodies.
A3.6 The impact occurs instantaneously and lasts for an in nitesimal period of time.

Figure 3-2 illustrates the complete gait cycle of human-like walking with a rolling
support foot. As the gure displays, the complete walking cycle involves three continuous
phases/domains and three discrete behaviors connecting the three domains. The three

domains are:
(i) Full actuation (FA) domain, whene, equals the number of DOFs;

(i) Underactation (UA) domain, where the number of independent actuatdris (ess

than that of the robot's degrees of freedom (DOFs); and
(iif) Over actuation (OA) domain, whem, is greater than the number of DOFs.

The actuation types associated with the three domains are different because those
domains have distinct foot-ground contact conditions, which are explained next under
assumptions (A3.1)-(A3.4).
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Figure 3-2: The directed cycle of 3-D three-domain walking. The green circles in the diagram
highlight the portions of a foot that are in contact with the ground. The position trajectory of
the swing foot is indicated by the dashed arrow. The red and blue legs respectively represent
the support and swing legs. Note that when the robot exits the OA domain and enters the
FA domain, the swing and support legs switch their roles, and accordingly the leading and
trailing legs swap their colors.

3.1.1.1 FA domain

As illustrated in the “FA” portion of Fig. 3-2, only one foot is in support and it is static
on the ground within the FA domain. Under assumption (A3.1), we know both the toe
and heel of the support foot contact the ground. From assumptions (A3.2) and (A3.3), we
can completely characterize the foot-ground contact condition with six independent scalar
holonomic constraints. Using: to denote the number of holonomic constraints, we have
nc = 6 within an FA domain, and the number of DOFs beco@€¥= n+ 6 nz= n.
Meanwhile,ng = n holds under assumption (A3.4). SID®F = n,, all of the DOFs are

directly actuated; that is, the robot is indeed fully actuated.

3.1.1.2 UA domain

The “UA’ portion of Fig. 3-2 shows that the robot's support foot rolls about its toe within
a UA domain. Under assumptions (A3.2) and (A3.3), the number of holonomic constraints
is ve, i.e.,n; = 5. This is because the support foot can only rotate about the line toe but
its motion is fully restricted in terms of the 3-D translation and the roll and yaw rotation.
Then, the number of DOFs iROF= n+ 6 5= n+ 1. Since the number of independent
actuatorsng, equalsn under assumption (A3.4) and is lower than the number of DOFs,

(n+ 1), the robot is underactuated with one degree of underactuation.
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3.1.1.3 OA domain

Upon exiting the UA domain, the robot's swing-foot heel strikes the ground and enters
the OA domain (Fig. 3-2). Within an OA domain, both the trailing toe and the leading heel
of the robot contact the ground, which is described by ten scalar holonomic constraints (i.e.,
nc = 10). Thus, the DOF becom&OF= n+ 6 n;=n 4, which is less than the number

of actuators under assumption (A3.4), meaning the robot is over actuated.

3.1.2 Hybrid Multi-Domain Dynamics

This subsection presents the full-order model of the robot dynamics that corresponds
to multi-domain walking. Since multi-domain walking involves both continuous-time
dynamics and discrete-time behaviors, a hybrid model is employed to describe the robot
dynamics. Recall Sec. 2.2 for fundamentals of the hybrid system.

3.1.2.1 Continuous-phase dynamics

Within any of the three domains, the robot only exhibits continuous movements, and
its dynamics model is naturally continuous-time as described byZg). Note that the
dimensions ofl andF in Eq. (2.3) vary among the three domains due to differences in the
ground-contact conditions.

3.1.2.2 Switching surfaces

As displayed in Fig. 3-2, the human-like, three-domain walking involves three switching

events, which are:
(i) Switching from FA to UA (“Support heel liftoff”);
(i) Switching from UA to OA (“Swing heel touchdown”); and
(i) Switching from OA to FA (“Leading toe touchdown”).

The occurrence of these switching events is completely determined by the position and

velocity of the robot's swing foot in the world frame as well as the ground-reaction force
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experienced by the support foot. We use switching surfaces to describe the conditions under
which a switching event occurs.

When the heel of the support foot takes off at the end of the FA phase, the robot enters
the UA domain (Fig. 3-2). This support heel liftoff condition can be described using the
vertical ground-reaction force applied at the support heel, denotégba3 Q U! R.

We useS: y to denote the switching surface connecting an FA domain and its subsequent

UA domain, and express it as:

Sru=f(Qqu)2TQ U:Fq;q;u)= 0g:

The UA-to-OA switching occurs when the swing foot's heel lands on the ground (Fig. 3-
2). Accordingly, we express the switching surface that connects a UA domain and its

subsequent OA domain, denotedas o, as:

Sur 0(9;9) == f(q;9) 2T Q = Zswr(Q) = 0; Zswr(d;0) < Og;

wherez,h: Q! R represents the height of the lowest point within the swing-foot heel
above the ground.

As the leading toe touches the ground at the end of an OA phase, a new FA phase is
activated (Fig. 3-2). In this study, we assume that the leading toe landing and the trailing
foot takeoff occur simultaneously at the end of an OA phase, which is reasonable because
the trailing foot typically remains contact with the ground only for a brief period (e.g.,
approximately 36 of a complete human gait cyclé7]) after the touchdown of the leading
foot's toe. The switching surfac&y g, that connects an OA domain and its subsequent FA

domain is then expressed as:

Sor F(9;9) = F(0;0) 2T Q 1 zswe(a) = 0; zswi(; g) < Og;

wherezgi: Q! R represents the height of the swing-foot toe above the walking surface.
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3.1.2.3 Discrete impact dynamics

The complete walking cycle involves two foot-landing instantaneous impacts; one impact
occurs at the landing of the swing-foot heel (i.e., transition from UA to OA), and the other
at the touchdown of the leading-foot toe between the OA and FA phases. Note that the
switching from FA to UA, characterized by the support heel liftoff, is a continuous process
that does not induce any impacts.

Recall Eq.(2.6)for the expression of the impact dynamics. Note that the dimension of
Dy is invariant across the three domains since it characterizes the jumps of all oating-base

generalized coordinates.

3.2 Controller Design for Three-Domain Walking

This section introduces the proposed GPT controller design based on the hybrid model
of multi-domain bipedal robotic walking introduced in Section 3.1. The resulting controller
provably ensures the exponential error convergence for the directly regulated DOFs within
each domain. The suf cient conditions under which the proposed controller guarantees the

stability for the overall hybrid system are provided in Section 3.3.

3.2.1 Desired Trajectory Encoding

As the primary control objective is to provably drive the global-position tracking error to
zero, one set of desired trajectories that the proposed controller aims to reliably track is the
robot's desired global-position trajectories. Since a bipedal humanoid robot typically has
many more DOFs and actuators than the desired global-position trajectories, the controller
could regulate additional variables of interest (e.g., swing-foot pose).

We use both time-based and state-based phase variables to encode these two sets of

desired trajectories, as explained next.



28

3.2.1.1 Time-based encoding variable

We choose to use the global time variableo encode the desired global-position
trajectories so that a robot's actual horizontal position trajectories in the worldx(j &nd
Yp) can be accurately controlled with precise timing, which is crucial for real-world tasks
such as dynamic obstacle avoidance.

We usexqy(t) : R* I R andyy(t) : R* ! R to denote the desired global-position
trajectories along the- andy-axis of the world frame, respectively, agd(t) : R* ! R
is the desired heading/yaw angle. We assume that the desired horizontal global-position
trajectoriesxy(t) andyy(t) are supplied by a higher-layer planner, and the design of this
planner is not the focus of this chapter. Giveit) andyy(t), the desired heading direction
y 4(t) can be designed as a functionxgft) andygy(t), which isy ¢4(t) := tan 1(yg=xq).
Such a de nition ensures that the robot is facing forward during walking.

We consider the following assumption on the regularity conditioxy(if) andygy(t):

A3.7 The desired global-position trajectoriegt) andyy(t) are planned as continuously
differentiable ort 2 R* with the norm ofxy(t) andygy(t) bounded above by a constant

number; that is, there exists a positive constgngsuch that

kxa(t)k; kya(t)k  Lg (3.1)
for anyt 2 R*.

Under assumption (A3.7), the time functioggt) andyy(t) are Lipschitz continuous on

t 2 R* [81], which we utilize in the proposed stability analysis.

3.2.1.2 State-based encoding variable

As robotic walking inherently exhibits a cyclic movement pattern in the robot's con gu-
ration space, it is natural to encode the desired motion trajectories of the robot with a phase
variable that represents the walking progress within a cycle.

To encode the desired trajectories other than the desired global-position trajectories,

we choose to use a state-based phase variable, dep@edQ ! R, that represents the
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total horizontal distance traveled within a walking step. Accordingly, the phase variable
g(q) increases monotonically within each walking step during straight-line or curved-path
walking, which ensures a unique mapping fraifg) to the encoded desired trajectories. In
contrast, in our previous work/B, 75], the phase variable is chosen as the walking distance
projected along a single direction on the ground, which may not ensure such a unique
mapping during curved-path walking.

Since the phase variabtgq) is essentially the length of a 2-D curve that represents
the horizontal projection of the 3-D walking path on the ground, we can use the actual

horizontal velocitiesx, andyy) of the robot's base to expreg$q) as:

2 ——
q(a(t) = X5(t) + yp(t)dt; (3.2)

to

wheretg 2 R* represents the actual initial time instant of the given walking step @énthe
current time.
The normalized phase variable, which represents the percentage completion of a walking

step, is given by:
q

Omax

s(q) =

; (3.3)

where the real scalar parametgfax represents the maximum value of the phase variable
(i.e., the planned total distance to be traveled within a walking step). At the beginning of
each step, the normalized phase variable takes a value of 0, while at the end of the step, it

equals 1.

3.2.2 Output Function Design

An output function is a function that represents the difference between a control variable
and its desired trajectory, which is essentially the trajectory tracking error. The proposed
controller aims to drive the output function to zero for the overall hybrid walking process.

Due to the distinct robot dynamics among different domains, we design different output

functions (including the control variables and desired trajectories) for different domains.
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3.2.2.1 FA domain

We usehf(g) : Q! R"to denote the vector af control variables that are directly
commanded within the FA domain. Without loss of generality, we use the OP3 robot shown
in Fig. 3-1 as an example to explain a common choice of control variables within the FA
domain.

The OP3 robot has twenty directly actuated joints (he=, na = 20) including eight
upper body joints. Also, usingyp to denote the number of upper body joints, we have
Nup= 8.

We choose the twenty control variables as follows:

(i) The robot's global position and orientation represented by the 6-D absolute base pose

(i.e., positionp, and orientatiorg,,) w.r.t. the world frame;

(i) The position and orientation of the swing foot w.r.t. the vehicle frame, respectively

denoted apsw(q) : Q! R3andg,(q): Q! R3; and
(iif) The angles of then,p upper body joints},p 2 R"e.

We choose to directly control the global position of the robot to ensure that the robot's
base follows the desired global-position trajectory. The base orientation is also directly
commanded to guarantee a steady trunk (e.g., for mounting cameras) and the desired heading
direction. The swing foot pose is regulated to ensure an appropriate foot posture at the
landing event, and the upper body joints are controlled to avoid any unexpected arm motions
that may affect the overall walking performance.

The stack of control variablds, (q) are expressed as:
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2 3
Xp

Yb
Yb
Z
he(a)=§fp7: (3.4)

Qo
Ps

Oswi
Qup

We usehg(t;s) :R* [0;1]! R"to denote the desired trajectories for the control
variableshf (g) within the FA domain. These trajectories are encoded by the globattime
and the normalized state-based phase varglgleas follows: (i) the desired trajectories of
the base position variableg andy, and the base yaw angyg, are encoded by the global
timet, while (ii) those of the othefn 3) control variables, including the base height
base roll anglé ,, base pitch anglg,, swing-foot posesy andg,,, and upper joint angle
Jup, are encoded by the normalized phase variafuig.

The desired trajectoriyg (t;9) is expressed as:

2 3
Xd(t)
=g 7, (3.5)
ya(t)

fF(9)

wherexy(t), y4(t), andy 4(t) are de ned in Section 3.2.1.1, and the functioh(s) : [0;1] !
R" 3 represents the desired trajectories of the control variaglés, gy, Y b, Psw Jey, @Nd
QUp-

The desired functiofi ™ (s) is parameterized by the&&ier polynomials (recall Sec. 2.3).

The output function during an FA phase is de ned as:

hF(t;a) := hE(a) hi(t9): (3.6)
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3.2.2.2 UA domain

As explained in Section 3.1.1, a robot Has- 1) DOF within the UA domain but only
Ny actuators. Thus, onlyg, (i.e, n) variables can be directly commanded within the UA
domain.

We opt to control individual joint angles within the UA domain to mimic human-like
walking. By “locking” the joint angles, the robot can perform a controlled falling about the
support toe, similar to human walking.

Thus, the control variabla¥ (q) : Q! R"is:

2 3
01

gz
hg(a)= BasZ: (3.7)

On

Let h‘dJ(s) :[0;1] ! R" denote the desired joint position trajectories within the UA
domain. These desired trajectorile%(s) are parameterized usingeBier polynomials
fY(9:[0;1]! R"thatis,hY = fY(s). The functionf Y (s) can be expressed similarly to
f ().

The associated output function is then given by:
h(a) := hd(a) hg(9): (38)

3.2.2.3 OA domain

Leth9(g) : Q! R" “denote the control variables within the OA domain. Recall that
the robot has, actuators andn( 4) DOFs within the OA domain.

We choose then( 4) control variables as:
(i) The robot's 6-D base pose w.r.t. the world frame;

(i) The angles of theyp upper body jointsg,p; and
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(i) The pitch angles of the trailing and leading feet, denotegl @p andq;(q), respec-
tively.

Similar to the FA domain, we choose to directly command the roléebsbase pose
within the OA domain to ensure satisfactory global-position tracking performance, as well
as the upper body joints to avoid unexpected arm movements that could compromise the
robot's balance. Also, regulating the pitch angle of the leading foot helps ensure a at-foot
posture upon switching into the subsequent FA domain where the support foot remains at

on the ground. Meanwhile, controlling the pitch angle of the trailing foot can prevent overly
early or late foot-ground contact events.

Thus, the control variable9(q) is:

3

2
Xp
Yb
Yb
Zy
Of Ay — )
ho(a)=af,Z: (3.9)
Ob
Gt
ai

Qup

The desired trajectorg$(t;s) : R*  [0;1]! R" #within the OA domain is expressed

as:

2 3
Xq(t)

Ya(t)
ya(t)
f9(s)

hQ(t;s) := ; (3.10)

wheref ©(s) : [0;1]! R" 7 represents the desired trajectoriegoff v, qp, G, a1, andqup,
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which, similar tof F(s) andf Y(s), can be chosen asRier curves.

The tracking erroh®(t; q) is expressed as:
hO(t;q) := hg(a) hQ(t;s): (3.11)

3.2.3 Input-Output Linearizing Control

The output functions representing the trajectory tracking errors can be compactly ex-

pressed as:

yi = hi(t; q); (3.12)

where the subscript2 f F;U; Og indicates the domain.

Due to the nonlinearity of the robot dynamics and the time-varying nature of the desired
trajectories, the dynamics of the output functions are nonlinear and time-varying. To
reduce the complexity of controller design, we use input-output linearization to convert the
nonlinear, time-varying error dynamics into a linear time-invariant one.

Letu; (i 2 f F;U; Og) denote the joint torque vector within the given domain. We exploit

the input-output linearizing control law [81]
i — i — 2pi i
ui=(gM B M ervi i fGad (3.13)

to linearize the continuous-phase output function dynamics (i.e.(Z%)) into y; = vi,
whereyv; is the control law of the linearized system. Here, the m#%jt)k\/l 1B is invertible
on Q because (iM is invertible onQ, (ii) 1% is full row rank onQ by design, and (iii)§ IS
full column rank onQ.

It should be noted that; has different expressions in different domains, due to the
variations in the control variables and desired trajectories. For instance, as the output
function is time-independent within the UA domain, the functﬁﬁg in Eq. (3.13)is
always a zero vector because the output fundtidris explicitly time-independent.

We designv; as a proportional-derivative (PD) controller
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Figure 3-3: Block diagram of the proposed global-position tracking control law within each
domain. Here 2 f F;U; Og indicates the domain type.

vi=  Kpiyi  Kaiyi; (3.14)

whereK i andK 4 are positive-de nite diagonal matrices containing the proportional and
derivative control gains, respectively. It is important to note that the dimension of the gains
Kpi andK g depends on that of the output function in each domain; their dimension is
n nin FA and UA domains, anth 4) (n 4) in the OA domain.

We call the GPT control law in Eq$3.13)and(3.14)the “IO-PD” controller in the rest
of this chapter, and the block diagram of the controller is shown in Fig. 3-3.

Under the 10-PD control laws, the closed-loop output function dynamics within domain

i becomes linear:

Yi= KaiVi KhpiVi:

Drawing upon the well-studied linear systems theory, we can ensure the exponential con-
vergence of/j to zero within each domain by properly choosing the values of the PD gain

matrices K p;; andKg:j) [81].
3.3 Closed-Loop Stability Analysis for Three-Domain Walk-
ing

This section explains the proposed stability analysis of the closed-loop hybrid control

system under the continuous |O-PD control law.
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The continuous GPT law introduced in Section 3.2 with properly chosen PD gains
achieves exponential stabilization of the output function state within each domain. Never-
theless, the stability of the overall hybrid dynamical system is not automatically ensured
for two main reasons. First, within the UA domain, the utilization of the input-output
linearization technique and the absence of actuators to directly control all the DOFs induce
internal dynamics, which the control law cannot directly requld;&%]. Second, the impact
dynamics in Eq(2.6) is uncontrolled due to the in nitesimal duration of an impact between
rigid bodies (i.e., ground and swing foot). As both internal dynamics and reset maps are
highly nonlinear and time-varying, analyzing their effects on the overall system stability is
not straightforward.

To ensure satisfactory tracking error convergence for the overall hybrid closed-loop
system, we analyze the closed-loop stability via the construction of multiple Lyapunov
functions B3]. The resulting suf cient stability conditions can be used to guide the parameter

tuning of the proposed I0-PD law for ensuring system stability and satisfactory tracking.

3.3.1 Hybrid Closed-Loop Dynamics

This subsection introduces the hybrid closed-loop dynamics under the proposed I0-PD
control law in Eqs(3.13)and(3.14) which serves as the basis of the proposed stability

analysis.

3.3.1.1 State variables within different domains

The state variables of the hybrid closed-loop system include the output function state
(yi,yi) (i 2f F;O;UQ). This choice of state variables allows our stability analysis to exploit
the linear dynamics of the output function state within each domain, thus greatly reducing
the complexity of the stability analysis for the hybrid, time-varying, nonlinear closed-loop
system.

We usexr 2 R?" andxp 2 R 8 to respectively denote the state within the FA and OA

domains, which are exactly the output function state:
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2 3 2 3
Xg = 4YFs and xo = 4Y%s .
YF Yo
Within the UA domain, the output function state, denoted,a® R?" 2, is expressed
as:
2 3
Xy = 45
yu
Besides,, the complete state; within the UA domain also include the uncontrolled state,
denoted agp 2 R2. Since the stance-foot pitch anglg(q) is not directly controlled within
the UA domain, we de n&y as:
2 3
Xh = 4%!s5 .
Qst
Thus, the complete state within the UA domain is:

2 3

X
xy = 4775; (3.15)
Xh

3.3.1.2 Closed-loop error dynamics

The hybrid closed-loop error dynamics associated with the FA and OA domains share

the following similar form:

/V/ 00

Xg = ApXg if (t;XF) 25 U

X4 = Der u(t;xg) if (%) 2 Ser
(3.16)

N oo TV

Xo = AoXo if (t;XO) 2% F
7 Xg = Dor £(t;xg) if (t;X0) 2 Sor F

with
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2 3 2 3
0 | 0 I

A =4 5 andAg:= 4 S (3.17)
Kor  Kar Koo Kao
wherel is an identity matrix with an appropriate dimension, &d y : R* R2"I R2%?2
andDo r:RY R? 81 R are respectively the reset maps of the state vestoend
Xo. The expressions @r; y andDpo ¢ are omitted for space consideration and can be
directly obtained by combining the expressions of the reset Dyapf the generalized
coordinates in Eqg. (2.6) and the output functigasyo, andyy .
The closed-loop error dynamics associated with the continuous UA phase and the
subsequent UA OA impact map can be expressed as:
88
>
2

© x5 = Dur o(t;x, 5x,)  if (%) 2 S o

if (xy) 201 o
Xh = fr (t; Xn;Xx) (3.18)

where 2 3
0 |

A, =4 S: (3.19)
Kpu  Kgu
The expression ofy, in Eq. (3.18) can be directly derived using the continuous-phase
dynamics equation of the generalized coordinates and the expression of the output function
yu. Similar toDr) y andDor g, we can readily obtain the expression of the reset map
DU 0:R* R?™21 R2 8pased on the reset map in Ef.6) and the expressions of

yu andyo.

3.3.2 Multiple Lyapunov-Like Functions

The proposed stability analysis via the construction of multiple Lyapunov functions
begins with the design of the Lyapunov-like functions. WeVMséxg), Vu (Xu), andVo(xo)
to respectively denote the Lyapunov-like functions within the FA, UA, and OA domains,

and introduce their mathematical expressions next.
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3.3.2.1 FA and OA domains

As the closed-loop error dynamics within the continuous FA and OA phases are linear
and time-invariant, we can construct the Lyapunov-like functir(xg) andVo(xp) as B4):
VE(XF) = X-|I:- Pexg andVo(Xo) = X-Io-PoXo

with P; (i 2 f F; Og) the solution to the Lyapunov equation

PA+ AP = Qj

whereQ;j is any symmetric positive-de nite matrix with a proper dimension.

3.3.2.2 UA domain

As the input-output linearization technique is utilized and not all DOFs within the
UA domain can be directly controlled, internal dynamics exist that cannot be directly
controlled [72]. We design the Lyapunov-like functign for the UA domain as:

WU = V, (%) + bkxpk?; (3.20)

whereV, (xy) is a positive-de nite function and is a positive constant to be designed.

As the dynamics of the output function sta¢g are linear and time-invariant, the
construction o, (x, ) is similar to that olVg andVo:

Vi (Xx) = XXTPXXX;

whereP, is the solution to the Lyapunov equation

PyAx + AIPX = Qx

with Q, any symmetric positive-de nite matrix with an appropriate dimension.
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3.3.3 De nition of Switching Instants

In the following stability analysis, the three domains of Kife(k 2 f 1;2;:::g) walking

step are, without loss of generality, ordered as:

FA! UA! OA

For thek!" walking step, we respectively denote #hetualvalues of the initial time instants
of the FA phase, thEA! UA switching instant, th&JA! OA switching instant, and the

nal time instant of the OA phase as:

Tak 35 Tak 25 Tak 1; andTay:

The correspondindesiredswitching instants are denoted as:

tak 3 tak 25 tak 1; andtz:
Using these notations, thé&" actual complete gait cycle dr (Ta 3; Tax) comprises:

(i) Continuous FA phase a2 (Tzx 3;Tzk 2);
(i) FA! UA switching att = T, ,;
(iif) Continuous UA phase oh2 (Tak 2; Tk 1);
(iv) UA! OA switching att = Ty 4;
(v) Continuous OA phase dr2 (Tsx 1; Tsk); and
(vi) OA! FA switching att = Tj,.

For brevity in notation in the following analysis, the values of any (scalar or vector)

variable? att = Ty ; andt = T e,
ATy ;) and ?(Tg );

are respectively denoted as:
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. .+
P3¢ J-and'?JSk j

foranyk2f 1;2;:::gandj 2f 0;1;2; 3g.

3.3.4 Continuous-Phase Convergence and Boundedness of Lyapunov-

Like Functions

As the output function state (i 2 f F; O;x ) is directly controlled, we can readily ana-
lyze the convergence of the output functions (and their associated Lyapunov-like functions,

VE, Vo, andV, ) within each domain based on the well-studied linear systems theory [81].

Proposition 1. (Continuous-phase output function convergence within each domajn
Consider the 10-PD control law in E¢3.13), assumptions (A3.1)-(A3.7), and the following

condition:
(B1) The PD gains are selected such that, Ap, andA, are Hurwitz.

Then, there exist positive constantscs;, Cyi, andcg; (i 2 f F; O;xg) such that the Lyapunov-

like functions ¥, Vo, and \{ satisfy the following inequalities

cikxik?  Mi(x) cakxik? and Vi cgVi (3.21)

within their respective domains for any

Xi 2 By, (0) := fx; 1 kxik rig;

where0 is a zero vector with an appropriate dimension.

Moreover, Eq(3.21)yields

Vjg o € Car(Tak 2 Tak 3)VFj”3fk . (3.22)

Voigy € cso(Tak Tk 1)Voj§k % (3.23)
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and

ij3k - Cax(Tak 1 Tak 2)ij§k 5 (3.24)

which describe the exponential continuous-phase convergeNge &, andV, within their

respective domains.

The proof of Proposition 1 is omitted as Proposition 1 is a direct adaptation of the
Lyapunov stability theorems fron8]]. Note that the explicit relationship between the PD
gains and the continuous-phase convergence cagtesso, andcs, can be readily obtained
based on Remark 6 of our previous work [75].

Due to the existence of the uncontrolled internal state, the Lyapunov-like fungtion
does not necessarily converge within the UA domain despite the exponential continuous-
phase convergence d} guaranteed by the proposed IO-PD control law that satis es
condition (B1). Still, we can prove that within the UA domain of d&¥ walking step,
the value of the Lyapunov-like functiovy just before switching out of the domain, i.e.,
Wis 1. is bounded above by a positive-de nite function of the “switching-in” valu®of

i.e., Uiz, o, as summarized in Proposition 2.

Proposition 2. (Boundedness of Lyapunov-like function within UA domain) Consider
the 10-PD control law in Eq(3.13)and all conditions in Proposition 1. There exists a

positive real numbery1 and a positive-de nite function y¢ ) such that

VUjgk 1 Wu(VUJ;k 2)

holds forany R f 1,2;:::gandxy 2 By, (0).

Rationale of proof. The proof of Proposition 2 is given in Appendix A.1.1. The bounded-
ness of the Lyapunov-like functiovy (xy) att = T, , is proven based OH the deI Qition of

Wu (xu) givenin Eq(3.20)and the boundedness ofyj5, , - Recallxy := xI xp  oWe
establish the needed bound oxyj,, ; through the bounds onx,jy, ; and Xxnjg ;

which are respectively obtained based on the bounds of their continuous-phase dynamics of

X, andxp and the integration of those bounds within the given continuous UA phase.
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3.3.5 Boundedness of Lyapunov-Like Functions across Jumps

Proposition 3. (Boundedness across jumpsConsider the 10-PD control law in E¢3.13),

all conditions in Proposition 1, and the following two additional conditions:

(B2) The desired trajectorielsid (i2f F;U;Oq) are planned to respect the impact dynamics

with a small, constant offsep; that is,

KDry u(tak 2;00k oo (3.25)
kDui o(t 1;0)k @b, and (3.26)
kDo r(ta;0)k oo (3.27)

(B3) The PD gains are chosen to ensure a suf ciently high convergence ratecg:ecso,
and G, in Eqs.(3.22)(3.24)) of Vi, Vo, and \{.

Then, there exists a positive real numbeuch that for ank 2 f 1;2;:::9, X; 2 B;(0), and

i 2 f F;U;Og, the following inequalities

VEis VEiS s ot VEDS VEDg:

Wiger Wik 2 = Wiz Wit (3.28)
and

Voigeez Voizk 1 % Vois  Voiz

hold; that is, the values of each Lyapunov-like function at their associated “switching-in”

instants form a nonincreasing sequence.

Rationale of proof: The proof of Proposition 3 is given in Appendix A.1.2. The proof
shows the derivation details for the rstinequality in §§.28)(i.e.,Vrj3,  Vrig 5 for
anyk 2 f 1;2;:::g), which can be readily extended to prove the other two inequalities.

The proposed proof begins the analysis of the time evolution of the three Lyapunov-like
functions within a complete gait cycle frot TST( tot= T3+k, which comprises three

continuous phases and three switching events as listed in Section 3.3.3.



44

Based on the time evolution, the bounds on the Lyapunov-like functiengo, andvy
at the end of their respective continuous phases are given in Proposition 1 and 2, while their
bounds at the beginning of those continuous phases are established through the analysis
of the reset mapBr: y, Dy1 o0, andDor . Finally, we combine these bounds to prove
VFJ;k VFJ;k 3

The offsetg is introduced in condition (B2) for two primary reasons. Firstly, since
the system's actual state trajectories inherently possess the impact dynamics, the desired
trajectories need to respect the impact dynamics suf ciently closely g és,small enough)
in order to avoid overly large errors after an impa&%,[86]. If the desired trajectories do
not agree with the impact dynamics suf ciently closely, the tracking errors at the beginning
of a continuous phase could be overly large even when the errors at the end of the previous
continuous phase are small. Such error expansion could induce aggressive control efforts at
the beginning of a continuous phase, which could reduce energy ef ciency and might even
cause torque saturation. Secondly, while it is necessary to enforce the desired trajectories to
respect the impact dynamics (e.g., through motion planning), requiring the exact agreement
with the highly nonlinear impact dynamics (i.es = 0) could signi cantly increase the

computationally burden of planning, which could be mitigated by allowing a small offset.

3.3.6 Main Stability Theorem

We derive the stability conditions for the hybrid error system in £84.6)and(3.18)
based on Propositions 1-3 and the general stability theory via the construction of multiple

Lyapunov functions [83].

Theorem 1. (Closed-loop stability conditiong Consider the IO-PD control law in E¢3.13)
If all conditions in Proposition 3 are met, the origin of the hybrid closed-loop error system

in Egs.(3.16)and(3.18)is locally stable in the sense of Lyapunov.

Rationale of proof. The full proof of Theorem 1 is given in Appendix A.1.3. The key idea
of the proof is to show that the closed-loop control system satis es the general multiple-

Lyapunov stability conditions given in [83] if all conditions in Proposition 3 are met.
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3.4 Extension from Three-Domain Walking with Full Mo-
tor Activation to Two-Domain Walking with Inactive

Ankle Motors

This section explains the design of a GPT control law for a two-domain walking gait to
further illustrate the proposed controller design method. The controller is a direct extension
of the proposed controller design for three-domain walking (with full motor activation).
For brevity, this section focuses on describing the distinct aspects of the two-domain case
compared to the three-domain case explained earlier.

We consider the case of two-domain walking where underactuation is caused due to
intentional ankle motor deactivation instead of loss of full contact with the ground as in
the case of three-domain walking. Bipedal gait is sometimes intentionally designed as
underactuated through motor deactivation at the support aBKlewhich could simplify
the controller design. Speci cally, by switching off the support ankle motors, the controller
can treat the support foot as part of the ground and only handle a point foot-ground contact
instead of a nite support polygon.

Figure 3-4 illustrates a complete cycle of a two-domain walking gait, which comprises
an FA and a UA domain, with the UA phase induced by intentional motor deactivation.
The FA and UA phases share the same foot-ground contact conditions; that is, the toe
and heel of the support foot are in a static contact with the ground. Yet, within the UA
domain, the ankle-roll and ankle-pitch joints of the support foot are disabled, leading to
DOF= na+ 2> ny (i.e., underactuation).

To differentiate from the case of three-domain walking, we adtl’stiperscript to the
left of mathematical symbols when introducing the two-domain case.

Hybrid robot dynamics: The continuous-time robot dynamics within the FA domain

of two-domain walking have exactly the same expression as those of the three-domain
dynamics in Eq(2.3). The robot dynamics within the UA domain are also the same as
Eq. (2.3) except for the input matr& (due to the ankle motor deactivation).

The complete gait cycle contains one foot-landing impact event, which occurs as the
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Figure 3-4: lllustration of a complete two-domain walking cycle. The green circles show the
portions of the feet that touch the ground. The leg in red represents the support leg, while
the leg in blue the swing leg. The movement of the swing foot is shown by the dashed arrow.

robot's state leaves the UA domain and enters the FA domain. The form of the associated
impact map is similar to the impact map in Kg.6) of the three-domain case. For brevity,
we omit the expression and derivation details of the impact map.

There are two switching events, RJ and U F, within a complete gait cycle, which

are respectively denoted 881 y and™Sy: ¢ and given by:

'S u=1g2Q :q(g)> lsgand
TSy F = F(4,9) 2T Q : zew(q) = 0;2ew(q; Q) < Og;

whereq(q) is de ned as in Eq(3.2)and the scalar positive variallgrepresents the desired
traveling distance of the robot's base within the FA phase.

Local time-based phase variable:To allow the convenient adjustment of the intended
period of motor deactivation, we introduce a new phase variaf(§ for the UA phase
representing the elapsed time within this phasgt) = t Ty, whereTyy is the initial
time instant of the&" UA phase.

The normalized phase variable is de ned &q) := ;t—‘l, whered, is the expected
duration of the UAd;, can be assigned as a gait parameter that a motion planner adjusts for
ensuring a reasonable duration of motor deactivation.

Output functions: The output function design within the FA domain is the same as the

three-domain case.
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The control variables within FA, denoted Tehg(q), are chosen the same as the three-
domain walking case in E¢3.4). Then, we havéh(f(q) = h{ (). Accordingly, the desired
trajectoriesThg(t;s) can be chosen the same hi;qt;s), leading to the output function
expressed ashf(t;s) = "hE(q) ThE(t;9).

With two ankle (roll and pitch) motors disabled during the UA phase, the number of
variables that can be directly controlled is reduced by two compared to the FA domain.
Without loss of generality, We choose the control variables within the UA domain to be the
same as the FA domain except that the base roll angénd base pitch anglg, are no
longer controlled.

The control variable$hY within the UA domain are then expressed as:

2 3
Xp
Yo
Yb
" (q) := : (3.29)
Z
Psw(Q)

Os(d)

The desired trajectorieT:inbJ are given by:

2
xd(t)
ThY(t;Ts) = Ejd((tt)) ; (3.30)
d
"t Uty

whereTf UTs):[0;1]! R™ 5 represents the desired trajectoriezgfsw, andg,,

Then, we obtain the output functidh (t;q) as:

"V (tag) = (@) Thit:Ts): (3.31)

With the output functiodh' (i 2 f F;Ug) designed, we can use the same form of the
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IO-PD control law in Eqs(3.13)and (3.33)and the stability conditions in Theorem 1 to

design the needed GPT controller for two-domain walking.

3.5 SIMULATION

This section reports the simulation results to demonstrate the satisfactory global-position

tracking performance of the proposed controller design.

3.5.1 Comparative Controller: Input-Output Linearizing Control with

Quadratic Programming

This subsection introduces the formulation of the proposed 10-PD controller as a
guadratic program (QP) that handles the limited joint-torque capacities of real-world robots
while ensuring a relatively accurate global-position tracking performance. We refer to the
resulting controller as the “IO-QP” controller in this chapter. Besides enforcing the actuator
limits and providing tracking performance guarantees, another bene t of the QP formulation

lies in its computational ef ciency for real-time implementation.

3.5.1.1 Constraints

We incorporate the 10-PD controller in E(B.13) as an equality constraint in the
proposed 10-QP control law. The proposed 10-QP also includes the torque limits as
inequality constraints. We usghaxj andumini (i 2 f F;U; Og) to denote the upper and lower
limits of the torque command; given in Eq.(3.13) Then, the linear inequality constraint
that the control signal; should respect can be expressedassi Ui Umaxi-

To ensure the control commangrespects the actuator limits, we incorporate a slack

variabledgp 2 R™ in the equality constraint representing the 10-PD control law:

ui = N(g;q) + dgp; (3.32)

i . i — 2Ri i . .
whereN = ( %M 1B) 1[(%)M 18+ v 1%—:} .[?T—q(%q)q]. To avoid overly large devi-

ation from the original control law in Eq3.13), we include the slack variable in the cost
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Table 3.1:Mass distribution of the OP3 robot.

Body component | Mass (kg)| Length (cm)

trunk 1.34 63
left/right thigh 0.31 11
left/right shank 0.22 11
left/right foot 0.07 12
left/right upper arm 0.19 12
left/right lower arm 0.04 12

head 0.15 N/A

function to minimize its norm as explained next.

3.5.1.2 Cost function

The proposed cost function is the sum of two components. One teuhuisand
indicates the magnitude of the control commandMinimizing this term helps guarantee
the satisfaction of the torque limit and the energy ef ciency of walking.

The other term indicates the weighted norm of the slack varidglei.e., pdgdep,
with the real positive scalar constamthe slack penalty weight. By including the slack
penalty term in the cost function, the deviation of the control signal from the original 10-PD

form, which is caused by the relaxation, can be minimized.

3.5.1.3 QP formulation

Summarizing the constraints and cost function introduced earlier, we arrive at a QP

given by:
: T T
min ui Ui+ pdopd
udop i Ut pdgpdopr
s.t. ui= N+ dgp (3.33)
Ui  Umin;
Ui  Umaxi

We present validation results for both 10-PD and 10-QP in the following section to

demonstrate their effectiveness and performance comparison.
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Table 3.2:Desired global-position trajectories.

Traj. index Xq(t) (cm) ya(t) (cm) Time interval (s)
(GP1) 8t 0 [0;+¥)
(GP2) 19:1t 5:0t [0;+¥)
25 0 [0;3:13)
(GP3) 3000sif-22) + 782 | 3000co$t-2:2) 3000 | [3:13,4:25)
24(t 4:25)+ 120 7(t 425 03 [4:25;+ ¥)

3.5.2 Simulation Setup

3.5.2.1 Robot model

The robot used to validate the proposed control approach is an OP3 bipedal humanoid
robot developed by ROBOTIS, Inc. (see Fig.3-1). The OP3 rolis@ s tall and weighs
approximately3:2 kg. It is equipped witl20 active joints, as shown in Fig. 3-1. The mass
distribution and geometric speci cations of the robot are listed in Table 3.1. To validate
the proposed controller, we use the MATLAB ODE sol@DE4%0 simulate the dynamics
models of the OP3 robot for both three-domain walking and two-domain walking. The

default tolerance settings of tl@DE45olver are used.

3.5.2.2 Desired global-position trajectories and walking patterns

As mentioned earlier, this study assumes that the desired global-position trajectories are
provided by a higher-layer planner. To assess the effectiveness of the proposed controller,
three different desired global-position (GP) trajectories are tested, including single-direction
and varying-direction trajectories. These trajectories are speci ed in Table. 3.2.

The GPs include two straight-line global-position trajectories with distinct heading
directions, labeled as (GP1) and (GP2). We set the velocities of (GP1) and (GP2) to be
different to evaluate the performance of the controller under different walking speeds. To
assess the effectiveness of the proposed control law in tracking the desired global-position
trajectories along a path with different walking directions, we also consider a walking
trajectory (GP3) consisting of two straight-line segments connected via an arc.

The desired function&", f U, f ©, and'f U are designed aséier curves (Section 3.2).

To respect the impact dynamics as prescribed by condition (B2), their parameters could be



51

Table 3.3:Initial tracking error norms for three cases.

Tracking error norm Case A CaseB | CaseC
swing foot position (% of step length 275 27.5 40
base orientation (deg.) 0 17 12
base position (% of step length) 15 15 8

Figure 3-5: Desired walking patterns for (a) two-domain walking (Cases A and B) and (b)
three-domain walking (Case C) in the sagittal plane. The lakgbBndY,, represent the-
andy-axes of the world frame, respectively.

designed using the methods introduceddi|[ The desired walking patterns corresponding
to the desired function&sF, f U, f ©, and'f U used in this study are illustrated in Fig. 3-5.

In three-domain walking ( 3-5 (a)), the FA, UA, and OA phases take up approximately
33%, 8%, and59% of one walking step, respectively, while the FA and UA phases of the
two-domain walking gait (Fig. 3-5 (b)) la8tl%and19%of a step, respectively. For both
walking patterns, the step length and maximum swing foot heighf:aremand2:4 cm,

respectively.

3.5.2.3 Simulation cases

To validate the proposed controller under different desired global-position trajectories,

walking patterns, and initial errors, we simulate the following three cases:

(Case A): Combination of desired trajectory (GP1) and two-domain walking pattern (Fig. 3-
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5, left).

(Case B): Combination of desired trajectory (GP2) and two-domain walking pattern (Fig. 3-
5, left).

(Case C):Combination of desired trajectory (GP3) and three-domain walking pattern
(Fig. 3-5, right).

Table 3.3 summarizes the initial tracking error norms for all cases. Note that the initial

swing-foot position tracking error is roughly 30-40% of the nominal step length.

3.5.2.4 Controller setting

For the I0-PD and 10-QP controllers, the PD controller gains are d€tas 225 |
andKg;; = 50 | to ensure the matriR; (i 2 f F;U; Og) is Hurwitz matrix. For the 10-QP
controller, the slack penalty weigpt(Eq. (3.33) is set agp = 10’. On a desktop with an
i7 CPU and 32GB RAM running MATLAB, it takes approximately 1 ms to solve the QP
problem in Eq. (3.33).

To verify the stability of the multi-domain walking system, we construct the three
Lyapunov-like functiond/s, V,,, andVp as introduced in Section 3.3. In all domains, the
matrix P; (wherei 2 f F;U; Og) is obtained by solving the Lyapunov equation using the gain
matricesK p;i andK 4;; and the matrixQ;. Here without loss of generality, we chodQeas
an identity matrix. For the UA phase, the valuexin the de nition of\{y in Eg. (3.20)is
set as MO1.

3.5.3 Simulation Results

This subsection presents the tracking results of our proposed IO-PD and I0-QP controller
for Cases A through C.
3.5.3.1 Global-position tracking performance

Figures 3-6 and 3-7 show the tracking performance of the proposed 10-PD and 10-QP

controllers under Cases A and B, respectively. As explained earlier, Cases A and B share the
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Figure 3-6: Satisfactory global-position tracking performance under Case A. The top row
shows the global-position tracking results, and the bottom row displays the straight-line
desired walking path and the actual footstep locations. The initial errors are listed in the

Table 3.3.

Figure 3-7: Satisfactory global-position tracking performance under Case B. The top row
shows the global-position tracking results, and the bottom row displays the desired straight-
line walking path and the actual footstep locations. The initial errors are listed in the

Table 3.3.
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Figure 3-8: Satisfactory global-position tracking performance under Case C. The top row
shows the global-position tracking results, and the bottom row displays the desired walking
path and the actual footstep locations. The desired walking path consists of two straight
lines connected by an arc. The initial errors are listed in the Table 3.3.

Figure 3-9: Time-elapsed illustration of three-domain walking.
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Figure 3-10: Time evolutions of multiple Lyapunov-like functions under Case C. The closed-
loop stability is con rmed by the behaviors of the multiple Lyapunov functions, which
complies with conditions (C1)-(C3) stated in the proof of Theorem 1 for both (a) IO-PD and
(b) 10-QP control laws.

same desired walking pattern of two-domain walking (Fig. 3-9 a)), but they have different
desired global-position trajectories and initial errors. For both cases, the 10-PD and 10-QP
controllers satisfactorily drive the robot's actual horizontal global positgrny,) to the
desired trajectorief(t);yq4(t)), as shown in the top four plots in each gure. Also, from

the footstep locations displayed at the bottom of each gure, the robot is able to walk along
the desired walking path over the ground. In particular, the footstep trajectories in Fig. 3-7
demonstrate that even with a notable initial error (apprbX.) of the robot's heading
direction, the robot is able to quickly converge to the desired walking path.

Figure 3-8 displays the global-position tracking results of three-domain walking for
Case C (Fig. 3-9 b)). The top two plots, i.e., the time pro les of the forward and lateral
base positionx, andyy), show that the actual horizontal global position diverges from the
reference within the UA phase during which the global position is not directly controlled.
Despite the error divergence within the UA phase, the actual global position still converges
to close to zero over the entire walking process thanks to convergence within the FA and OA

domains, con rming the validity of Theorem 1.



56

Figure 3-11: Torque pro les of each leg motor under the proposed (a) IO-PD and (b) 10-QP
controllers for Case B. “L” and “R” stand for left and right, respectively. The red circles
highlight the occurrence of torque limit violations. The jumps are more signi cant under
the 10-PD controller than the 10-QP controller because the latter explicitly meets the torque
limits. The blue dotted line represents the torque limits. It is evident that the torque pro le
of the 10-QP controller adheres to the torque limits, whereas the torque pro le of the IO-PD
controller may exceed the torque limits.

3.5.3.2 Convergence of Lyapunov-like functions

The multiple Lyapunov-like functions for case C, implemented with 10-PD and 10-QP
control laws, is illustrated in Figure 3-10. Both control laws ensure the continuous-phase
convergence o¥r andVg satis es condition (B1). Althoughy diverges during the UA
phase, it remains bounded, thereby satisfying condition (B3). Moreover, we know the
desired trajectories parameterized &zBr curves are planned to satisfy (B2). Therefore,
the multiple Lyapunov-like functions behave as predicted by conditions (C1)-(C3) in the

proof of Theorem 1, indicating closed-loop stability.
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3.5.3.3 Satisfaction of torque limits

Figure 3-11 illustrates the joint torque pro les of each leg motor under the 10-PD and

I0-QP control methods for Case B. The torque limitgx andumi, are set ag:1 N and
4:1 N, respectively. It is observed that the torque experiences sudden spikes due to the

foot-landing impact at the switching from the UA to the FA phases. Due to the notable
initial tracking errors, there are also multiple spikes in the joint torques at the beginning
of the entire walking process. These spikes tend to be more signi cant with the 10-PD
controller than with the IO-QP controller. In fact, all of the torque peaks under I0-QP are
within the torque limits whereas some of those peaks under 10-PD exceed the limits, which
is primarily due to the fact that the 10-QP controller explicitly enforces the torque limits but
IO-PD does not. This comparison highlights the advantage of using 10-QP over 10-PD in

ensuring satisfaction of actuation constraints.

3.6 Discussion

This study has introduced a nonlinear GPT control approach for 3-D multi-domain
bipedal robotic walking based on hybrid full-order dynamics modeling and multiple Lya-
punov stability analysis. Similar to the HZD-based approach838, 89] for multi-domain
walking, our controller only acts within continuous phases, leaving the discrete impact dy-
namics uncontrolled. Another key similarity lies in that we also build the controller based
on the hybrid, nonlinear, full-order dynamics model of multi-domain walking that faithfully
captures the true robot dynamics and we exploit the input-output linearization technique to
exactly linearize the complex continuous-phase robot dynamics.

Despite these similarities, our control law focuses on accurately tracking the desired
global-position trajectories with the precise timing, whereas the HZD-based approach may
not be directly extended to achieve such global-position tracking performance. This is
essentially caused by the different stability types that the two approaches impose. The
stability conditions proposed in this study enforce the stability of the desired global-position
trajectory, which is a time function encoded by the global time. In contrast, the stability

conditions underlying the HZD framework ensure the stability of the desired periodic orbit,



58

which is a curve in the state space on which in nitely many global-position trajectories
reside.

Our previous GPT controller desigi]] for the multi-domain walking of a 2-D robot
is only capable of tracking straight-line paths. By explicitly modeling the robot dynamics
associated with 3-D walking and considering the robot's 3-D movement in the design of the
desired trajectories, the proposed approach is capable of ensuring satisfactory global-position
tracking performance for 3-D walking.

One limitation of the proposed approach is that it may be non-feasible to meet the
proposed stability conditions in practice if the duration of the underactuation phases
overly large. From Eq(A.20) in the proof of Proposition 3, we know that &g, increases,

a» will also increase, leading to a larger valueNof If N is overly large, Eq(3.28)will

no longer hold, and the stability conditions will be invalid. To resolve this potential issue,
the nominal duration of the UA domain cannot be set overly long. Indeed, the percentage
of the UA phase within a complete gait cycle is respectiv&yo and8% of the simulated
two-domain and three-domain walking, which is comparable to that of human walking (i.e.,
18% [88]).

Another limitation of our control laws lies in that the robot dynamics model needs
to be suf ciently accurate for the controller to be effective, due to the utilization of the
input-output linearization technique. Yet, model parametric errors, external disturbances,
and hardware imperfections (e.g., sensor noise) are prevalent in real-world robot opera-
tions [90]. To enhance the robustness of the proposed controller for real-world applications,
we can incorporate robust contr@1], 92, 93, 74, 94] into the GPT control law to address
uncertainties. Furthermore, we can exploit online footstep plan®Bdp, 97, 98, 99, 100
to adjust the robot's desired behaviors in real-time to better reject modeling errors and

external disturbances.

3.7 Summary

» A continuous tracking control law is introduced that achieves provably accurate

global-position tracking for the hybrid model of multi-domain bipedal robotic walking
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involving different actuation types.

Both a three-domain and a two-domain walking gait are investigated to illustrate the
effectiveness of the proposed approach, and the input-output linearizing controller

was cast into a quadratic program (QP) to handle the actuator torque saturation.

Finally, the performance of the input-output linearizing control law with and without
the QP formulation is compared to highlight the effectiveness of the former in mitigat-
ing torque saturation while ensuring the closed-loop stability and trajectory tracking

accuracy.

We have previously published research on global-position tracking control for fully
actuated robot walkingdD, 75] and planar multi-domain walkinglP1]. Our most

recent work on this topic has been submitted [102].
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Chapter 4 Invariant Extended Kalman Filtering for

Legged Robot Locomotion

In this chapter, we delve into locomotion on dynamic rigid surfaces (DRSes) and address
state estimation challenges. The subsequent chapter will explore motion generation and
control within a similar context. State estimation is crucial for providing a robot with
accurate movement state information, including trunk pose and velocity, that are essential
for planning and control. While extensive research has tackled state estimation on static and
unstable surfaces, DRSes such as ships and aircraft remains underexplored. The challenge
lies in the nonstationary nature of surface-foot contact points and the hybrid robot dynamics
involving both continuous behaviors and discrete foot-landing events. The main objective of
this chapter is to introduce the design of a state estimator that takes into explicit account the
motion DRSes and achieves accurate, rapidly convergent, and real-time estimation.

The extended Kalman Iter (EKF)103 104, 105 has been a standard method for real-
time state estimation in legged locomotion on static surfaces using common on-board sensors.
Recently, EKF-based estimators have been adapted for estimating a robot's trunk/base pose
and velocity B2, 106, 107]. However, they suffer limitations in handling large estimation
errors. To address these issues and ensure rapid convergence under substantial estimation
errors, the previous EKF-based desi@d][has be expanded into an invariant extended
Kalman lter (INEKF) [24] for legged locomotion on static surfac&9[ 108. Subsequently,
the INEKF has been extended to incorporate smoothing techniques in works by Chauchat
et al.[L09 and by Yoon et al110. The INnEKF methodology has also found application
in various other domains, including wheeled vehicle$]], underwater vehicleslfL?],
aircraft [113, and human movemeni]4, 115. However, its effectiveness in DRS loco-
motion, especially under signi cant surface motion, remains unclear due to its underlying

assumption of stationary surface-foot contact.
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Figure 4-1: lllustration of coordinate frames and key variables. The treadmill is a DRS that
rotates in the world frame.

4.1 Problem Formulation

In the proposed lter design, we focus on key state variables essential for locomotion
planning and control. These include the robot's linear veloaitg R3) and orientation
(R 2 SQ(3)) in the world frame, as well as the base positiphZ R3) and contact-point
position p° 2 R3). These selections allow us to incorporate forward kinematics between
the base and contact/foot frames in the Iter design [32, 29].

The considered DRS shares characteristics with real-world DRSes such as aircraft and
vessels. Firstly, when operating on such surfaces, a robot only has access to surface-attached
landmarks, rather than landmarks xed in the inertial frame, due to limited visibility of the
environment. Secondly, we assume a relatively accurate knowledge of the DRS's orientation
(RPRS2 s(O03)) and linear and angular velocitieg®R?SwPRS2 R3) (see Fig.4-1). This
assumption is reasonable as real-world DRSs typically incorporate high-precision motion
monitoring systems116 117]. The proposed lIter design explicitly accounts for the
inevitable inaccuracies in the surface pose and motion knowledge, as discussed in Sec. 4.2.

The sensors utilized in this study consist of standard on-board equipment, including
an inertial measurement unit (IMU) mounted on the robot's base/trunk, joint encoders, an
RGB-D camera, and a contact indicator. The RGB-D camera tracks landmarks xed to the
DRS. This tracking allows the calculation of the camera’s pose w.r.t. the DRS frame. The

contact indicator serves to detect foot landing events. The encoders measure the joint angles
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g 2 R™ with mthe number of joints. Corrupted by white zero-mean Gaussian mdise
the raw encoder datjis expressed agj= g+ w9 The IMU includes a gyroscope and an
accelerator that respectively measure the angular velac®yR? and linear acceleration

a2 R® of the IMU in the IMU/base frame. Corrupted by white Gaussian zero-mean noise
waw" 2 R3, as well as biases®; b" 2 R3, the IMU readingsi andw are expressed as:

a= a+ b+ w?andw = w+ bV + w":

4.1.1 Continuous-Phase IMU Motion and Bias Dynamics

To form the process model, we choose to adopt the IMU motion dynamics due to its

accuracy and simplicity [32]. At timg the IMU motion dynamics is given by:

Ri= Re(We b w) ;
©o (4.1)
vi= Ri(& bE wd)+ g; andp; = v;

where( ) is a skew-symmetric matrix arglis the gravitational acceleration vector. The

IMU bias dynamics is modeled as Brownian motion [29]:
b2 = wP2 andbY = wP"'; (4.2)

wherewP2 andwP" are white Gaussian noise with zero mean.

4.1.2 Continuous-Phase Contact-Point Motion Dynamics

During DRS locomotion, the support foot moves w.r.t. the world frame due to the
surface's motion. Consequently, the deterministic motion model differs from prior work
on static surface locomotioB2, 29|, where the contact point's motion was assumed to be

pf = 0. Instead, we explicitly consider the contact point veloeftyn the model:
pe= Ve (4.3)

In this study, we inform the model in H4.3) by directly measuring the contact point



63

velocity. This measurement is based on the known surface pose and motion, along with the
measured contact position in the DRS frame. The kinematics for this velocity measurement

are as follows (see Fig.4-1):
VE = VRS WPRS (RPFSPRD): (4.4)

Here,PR¢ represents the contact point position relative to the DRS frame, expressed
in the DRS frame. This value can be computed using the robot's camera and encoder data.
It is worth noting that we assume the surface orienta®8R>and motiorwPRS,vPRSare
known, as explained earlier. For an example of how to comgfyteefer to Sec. 4.4.

To account for velocity measurement inaccuracies, we consider:
VE = Vi + Rew§; (4.5)

Here,U¢ 2 R3 represents the measured contact point velocityvefihohodels the inaccu-

racy as white Gaussian zero-mean noise expressed in the base frame.

4.1.3 Discrete Jump Dynamics at a Foot Landing

During a foot landing, there is a role switch between the swing and support legs,
which results in a discrete jump in the contact point posifipnTo ensure an appropriate
propagation of the estimate and covariance during foot landings, the proposed Iter explicitly
considers this jump.

The jump map for the contact point positipfiis de ned as:

p& = pf+ Rehe(ar) (4.6)

Here, the subscrigt denotes the timing just after the foot landing at tim&he function

hc represents the forward kinematics from the previous support-foot position to the new one,
expressed in the base frame. Importantly, all other state variables remain continuous across
foot switching, except fopf.

To approximate the nonlinear term in the jump dynamics (Bd)) using a rst-order
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Taylor expansion, we hav®:he(q:)  Rihe(dt) Rt%(qt)wﬂ.

4.1.4 Position based Forward Kinematics Measurement

To establish a connection between the contact and base frames, we employ the leg

odometry measurement as described in [32, 29] (see Fig. 4-2-b):

R{(pf pP) = hp(a); (4.7)

Here, the functiorhp represents the support foot position relative to the base, expressed
in the base frame. Given the inherent inaccuracy in the encoder regdmgj; + w4,

and utilizing a rst-order Taylor expansion, we can rewrite the model in @d/) as:

hp(a)  hp(@) T2 (E0ws.

4.1.5 Contact Orientation based Measurement

When the support foot and the surface have a full area contact, their normal vectors are
parallel, whether the surface is stationary or moving (see Fig. 4-2-a)). In this study, we
utilize this rotational kinematic relationship to form a measurement model. Suppose that the
z-axes of the contact and surface frames are aligned and normal to the DRS. Then,

h i h i h i
DRS T c T T
RP™ 001 =R 001 =Rihg(g) 001 (4.8)

holds, whereRf 2 SQ(3) is the contact frame orientation and the forward kinematics matrix
functionhg is the support foot orientation w.r.t. the base frame (see Fig.4-1). To address
the inaccuracy of the known surface orientati®iRS we assume the true orientation is

corrupted by white Gaussian zero-mean uncertaifty> as:
RPFS= expl WPRIRPRS (15 (wPRY )RPRS ®9)

wherel, is ann nidentity matrix.
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